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CHUONG 1

TAP HOP - LOGIC - ANH XA - SO PHUC

§1. LOGIC

1.1 Cac phép toan logic

1. Phép phu dinh

—
o>

2. Phép hoi

S|l O|IH|IHIX
Ol =IO+ |TT

(AANB)=min{A,B}

3. Phép tuyén
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AV B

OIO|IHIHIX
Ol = Ol

ORIkl <

(AV B) =max{A, B}

4. Phép kéo theo

A
1
1
0
0

O = | Ol

== ]

(A — B) =max{1— A,B}

5. Phép tuong duong

A
1
1
0
0

ORI O|—=|3
r—lOOb—l$

Chu y: D€ don gian vé mat ki hiéu, khi viét A ching ta ¢6 thé hiu 12 ménh dé A hoic gia
tri chan Iy cia ménh dé A tuy theo hoan canh phu hop. Vi du nhu viét A = 1 — A thi ta
hiéu 14 gi4 tri chan 1y cia ménh dé A bang 1 tru di gia tri chan Iy caa A.

1.2 Cac tinh chéat

1. Tinh giao hoan:
ANB&< BANALAVB< BV A

2. Tinh két hop
(AAB)AC<= AN(BAC),(AVB)VC & AV (BVC)

3. Tinh phan phéi
ANBVC)< (AANB)V(ANC),AV(BAC)< (AVB)AN(AVC)

8
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4. Tinh chat caa phép kéo theo
A—B& AVB

5. Tinh chat cia phép tuong duong
A< B& (A—B)A(B— A)

Chu y: D€ chiing minh ciac ménh dé logic, ta st dung khai niém tuong duong logic, thay
cho “khai niém bang nhau” cia cic ménh dé. Bai tap chi yéu trong bai nay 1a chiing minh
hai ménh dé tuong duong logic hodc chiing minh mét ménh de logic luén ding. Cé ba
phuong phap cht yéu dé lam bai:

1. Lap bang cac gia tri chan ly.
2. Bién d6i tuong dudng cac ménh de.

3. Chiing minh béng phan ching.

1.3 Ludng tu phd bién va luong tu ton tai

Ta thudng can phai phat biéu nhitng ménh dé c6 dang "Moi phan ti x cta tap hop X
déu c6 tinh chat P(x)". Nguoi ta quy uée ki hiéu ménh dé nay nhu sau:

Vx € X, P(x)

Ki hiéu V dudc goi 1a lugng tix phé bién, né 1a cach viét ngudc lai ctia chit cai dau tién cta
tir "All" trong tiéng Anh.

Tuong tu ta ciing hay gap ménh dé c6 dang " Ton tai mot phan tit x ca X c6 tinh chat
P(x)". Ménh dé nay dudc quy udc ki hiéu nhu sau:

dx € X, P(x)

Ki hiéu 3 dudc goi 1a luong tix tén tai, né 1a cach viét ngudc lai cta chit cai dau tién ctaa ti
"Exist"trong tiéng Anh.
Ménh dé " Ton tai duy nhat mot phan tit x ctia X c6 tinh chat P(x)" duge viét nhu sau:

dlx € X, P(x)

Luong ti pho bién va ton tai c6 mébi quan hé quan trong sau day:

Vx € X, P(x) =3dx € X,P(x)

dx € X,P(x) =Vx € X, P(x)
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Bai tap 1.1. Ching minh cdc ménh dé sau day 1a duing.
a) [AN(AVCO)] —C.
b) [(A— B)A(B—C)] — (A—C).
¢c) [AN(A— B)] = B.

d) [(AVB)A(A— C)A(B—C)] = C.

Chitng minh. a) Cach 1: Lap bang gia tri chan ly

A|C|A|AVC|AAN(AVC) |[AN(AVC)] —=C
110 1 0 1
1100 1 0 1
01]1 1 1 1
0(0|1| O 0 1

Céach 2: Bién d6i tuong dudng cac ménh dé

[AN(AVC)] —C

S[(ANA)V(ANC)] —C

s[0V(AANC)] = C

S[(ANC)] = C

SANCVC

SAVCVC

<1
Cach 3: Chitng minh bang phan ching.
Gia st ménh dé da cho 1a sai. Vi ménh dé kéo theo chi sai khi gia thiét ding va
két luan sai nén: AA(AVC) =1vaC =0.NhungviC = 0nén AA(AVC) =
AN(AV0)=AAA =0, mau thuin, ching td6 ménh dé da cho luon ding.
Cac cau b),c),d) chiing minh tuong tu. n

Bai tap 1.2. Ching minh rang:
a) A <> Bva (AAB)V (AA B) la tusng dudng logic.

b) (A — B) - Cva A — (B — C) khong tuong duong logic.

¢c) A < Bva A « B latuong duong logic.

10
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Chitng minh. Ciang gidéng nhu bai toan ching minh mét ménh dé nao d6 ludn ding, bai
toan chitng minh hai ménh dé nao d6 tuong duong logic ciing c¢6 3 phuong phép ching
minh nhu trén. Riéng véi bai toan ching minh hai ménh dé khong tuong duong logic thi
ta chi can chi ra mot bo gia tri chan 1y nao d6 ctia cac ménh dé con ma 6 dé hai ménh dé
da cho c6 hai gia chi chan ly khac nhau. [

Bai tap 1.3. Cho A la tap hop con clia tip sb thuc, can dudi ding xy cia A ki hiéu
Inf(A) = xo c6 thé xac dinh bdi ménh dé sau: “ V6i moi x trong A c¢6 xg < x va véi x;
¢6 tinh chat 14 x; < x v6i moi x trong A thi suy ra x; < xo 7. Hay dung cac ki hiéu dé
dién t4 ménh dé trén va ménh dé pha dinh cta né. Tt dé dua ra cach chiing minh mot sb
khong phai la Inf(A).

Chiuing minh.
xo =Inf(A) & [Vx € A, (xo < x)] A [Vxg, (x1 < x,Vx € A) — (x1 < xp)]
xo =Inf(A) & [Vx € A, (xg < x)] A [Vxy, (x1 < x,Vx € A) — (x1 < x9)]

Vxe A:(xo <x)]V[3Ixy, (x1 <x,Vx e A) = (x1 < xp)]

dx € A, xo>x]V[Ixg, (v <x,Vx e A)V (x < xp)
dx € A, xp > x]V [Ixg, (3 < x,Vx € A) A (x1 > xp)

[ ——

Bai tap 1.4. [Dé thi DS K49] Xét xem c4dc ménh dé sau c6 tuong duong logic khong
a) (AVB) - Cva(A—C)AN(B—C)
b) A— (BAC)va(A—B)AN(A—C)
Bai tap 1.5. [Dé thi DS K49] Xét xem c4dc ménh dé sau day la ding hay sai
a) "Néu cdc s6 thuc x va y thoA man x > yvay > x thisuyrax = y.
b) "Néu sb tu nhién # 18 va n? chén thi suy ra n 1a sé nguyén to.

Bai tap 1.6. [Dé thi DS K51] Cho (AAB) — (AAC)va (AVB) — (AVC) la cdc ménh
dé dung. Ching minh B — C 13 ménh dé dung.

11



12 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

§2. TAP HOP
Tap hop 12 mot khai niém nguyén thiy, khong dude dinh nghia, ma dugc hiéu mot cach

truc gidc nhu sau: Mot tap hdp 1a mot su quan tu cac dbi tuong c6 cung mot thudce tinh
nao d6, nhitng d6i tugng nay dudc goi 1a cac phan ti cia tap hop dé.

2.1 Cac phép toan trén tap hgp

1. Phép hop
x€e AUB< xe€ Ahoacx € B
xgAUB< x¢Z Avax ¢ B
2. Phép giao
xeEANB&xe AvaxeB
xZANB< x ¢ Ahoacx ¢ B
3. Phép tru

xe A\BexeAvax ¢B
xZA\B< x ¢ Ahoacx € B

4. Phép lay phan bu
Néu A C X thi A = X\ A dudc goi 12 phan bui ctia A trong X.

2.2 Cac tinh chat

1. Tinh giao hoan:
AUB=BUA,ANB=BNA

2. Tinh két hop
(AUB)UC=AU(BUC),(AnB)NC=AN(BNC)

3. Tinh phan phéi
AU(BNC)=(AUB)N(AUC),AN(BUC)=(ANB)U(ANC)

4. Tinh chit caa phép tru
Néu A,BC XthiA\B=ANB

5. Cong thuc De Moorgan

ANB

AUB

I
|

I

pN

o C
=l
D)
=
[

]
C
22
I
S C




2. Tap hop 13

Bai tap cht yéu trong bai nay 1a ching minh hai tap hop bang nhau hodc ching minh mét
tap hop A 1a tap con ctia tap B. Cé 3 phuong phép chiing minh cha yéu:

1. Phudng phép phan ti
2. Phuong phap bién déi tap hop
3. Phuong phap chiing minh béng phan chiing
Bai tap 1.7. Gia st f(x), g(x) 1a cac ham s6 x4c dinh trén R. Ki hiéu
A={xeR|f(x)=0},B={xcR|g(x) =0}.

Xac dinh tap nghiém phuong trinh:

a) f(x)g(x) =0 b) [f(x)]*+[g(x)]* =0
[Pap s6]
a) AUB b) ANB

Bai tap 1.8. Cho 3 tap hop A = {x e R[x? —4x+3 <0} ,B = {x e R| |x—1| <1},
C={xeR|x* —5x+6 < 0}.Xac dinh tap hop sau: (AUB)NCva (ANB)UC.

[Pap s6] (AUB)NC =1[0,3],(ANB)UC = [1,3]
Bai tap 1.9. Cho A, B, C 1a c4c tap hop bat ki, chitng minh
a) AN(B\C)=(ANB)\(ANC) b) AU(B\A)=AUB

Chung minh. a) Cach 1: Phuong phap phan tu
[=]Giastx € AN(B\C),tacox € Avax € B\C.Suyrax € A, x € B,x ¢ C. Vi
x € Avax e Bnéntacox € ANB. Mat khacx ¢ C D ANCnén x ¢ ANC. Vay
x€(ANB)\ (ANC).
[&]Giastx € (ANB)\(ANC),tacox e A, xcBvax ¢ ANC.Dox ¢ ANC nén
hodcx ¢ Ahodcx ¢ C. Nhungvix € Anéntacéox ¢ C.Vivaytacox € AN (B\C).
Cach 2: Phuong phap bién d6i tap hop
Coi A,B,C C X nao dé6. Khi do

(ANB)\(ANC)=(ANB)N(AUC)=[(ANB)NAJU[ANBNC]=AN(B\C)
b)

AU(B\A)=AU(BNA)=(AUB)N(AUA)=(AUB)NX=AUB

13



14 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

Bai tap 1.10. [Dé thi DS K51] Cho cac tap hop A, B, C thod man (AUB) C (AUC) va
(ANB) C (ANC). Ching minh B C C.

Bai tap 1.11. [Dé thi tin chi he 2009] Cho A, B, C 1a cac tap hop bat ki. Chitng minh rang
a) (A\B)\C=A\ (BUC).

b) A\ (B\C)=(A\B)U(ANC).

14
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$3. ANH XA

3.1 Dinh nghia
3.2 Tap anh, tap nghich anh
Cho f: X — Y1amét anh xa. Giast A C X,BCY.

1. Tap anh
Ki higu f(A) = {y € Y|3x € A, f(x) = y} = {f(x)|x € A}.

2. Tap nghich anh
Ki hiéu f~1(B) = {x € X|f(x) € B}. Vivay tacé

xe f1(B)& f(x) €B

3.3 DPon anh, toan anh, song anh
Cho f : X — Y la mot anh xa

1. Don anh
Anh xa f dudc goi la don anh néu
1) V6i moi x1 # xp € X thi f(x1) # f(x2) hodc
ii) Néu f(x1) = f(x2) thi x; = xo.

2. Toan anh
Anh xa f dudc goi l1a toan anh néu f(X) = Y, hay véi méi y € Y, ton tai x € X sao
cho f(x) = y. No6i cach khac, phudng trinh f(x) = y ¢6 nghiém véimoiy € Y.

3. Song anh.

Anh xa f dudc goi la song anh néu né via la don anh, vira 1a toan anh. Néi cach
khac, phuong trinh f(x) = y c6 nghiém duy nhdt v6i moiy € Y.

Bai tap 1.12. Cho hai anh xa
f:R\{0} =R

1
X =
X
g:R—=R
2x

H
* 1+ x2

15



16 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

a) Anh xa nao la don 4nh, toan anh. Tim ¢(R)
b) Xac dinh anhxah =go f.

Chung minh. a) f la don anh, khong phai la toan anh, ¢ khong phai don anh, cing
khong phai la toan anh.

b) g(R) = [1,1 .
Bai tap 1.13. Ching minh cac tinh chit sau ctia &nh va nghich 4nh cia anhxa f: X — Y

a) f(AUB) = f(A)Uf(B), A, BC X

b) f(ANB) C f(A)N f(B), A,B C X. Néu vi du chiing té diéu ngugc lai khong ding.

¢c) f Y (AUB)=f

d f"Y(ANB)=f

e) f1(A\B)=f1A)\f(B), A BCY

f) Ching minh f 1a don anh khi va chi khi f(ANB) = f(A)N f(B), VA,BC X

1(A)Uf(B),ABCY
YA)NfYB),ABCY

Chiing minh. a) [=]Gia sty € f(AU B),khi d6 ton tai x € AU B sao cho f(x) = y. Vi

x € AUBnén x € A hoac x € B.
Néux € Athiy= f(x) € f(A) C f(AUB)nény € f(AUB)
Néux € Bthiy = f(x) € f(B) C f(AUB)nény € f(AUB)
Trong moi trudsng hop ta déucé y € f(AUB)
[<]Taco f(A) C f(AUB),f(B) C f(AUB)nén f(A)U f(B) C f(AUB).

b) Do ANB C Anén f(ANB) C f(A)vaANB C Bnén f(ANB) C f(B). Vay ta c6
f(ANB) C f(A)N f(B).
Dé chi ra phan vi du diéu ngudc lai khong ding ta xét anh xa f: R — R, x > |x| va
A={-1},B={1}.Khidé f(ANB)=0va f(A)N f(B) = {1}.

c)

xe€ f1(AUB) & f(x) € AUB

f(x)e A x € f1(A) _ _
@[f(x)eB @[xef*w) @xEfHAUFUE)

d)
xe fTY(ANB) & f(x) € ANB

flx)e A x € f71(A) _ -
@{ (:){xefl(B) sxc fHA)NfF1(B)



3. Anh xa 17

e)
xe f1(A\B) < f(x) € A\B

f(x)e A x € f1(A) ) .
ﬁ{f(x)sz ‘i’{xfzfl(B) Fre AT

f) Ta da cé f(ANB) C f(A)N f(B). Ngudc lai, néu y € f(A)N f(B) thiy € f(A) va
y € f(B). Do d6 ton tai x; € A sao cho f(x;) = y va ton tai x, € B sao cho f(x3) = y.
Vi fladon anhnén x; =x, € ANB. Vayy = f(x1) € f(ANB). n

Bai tap 1.14. Cho hai anhxa f : A - Cva ¢g: B — D. Taxac dinh anhxah: A x B —
C x D béi h(a,b) = (f(a),g(b)),ac A,beB

a) Chung minh f, ¢ don anh thi i don anh.

b) Ching minh f, ¢ toan anh thi & toan anh.

c¢) Cac ménh dé dao cia a),b) c6 ding khong?

[Goi y] Dua vao dinh nghia don anh va toan anh dé dang ching minh dudc cac khang
dinh trén. Cha y rang cac ménh dé dao ctia ménh dé a) va b) van ding.

Bai tap 1.15. [Dé thi DS K51] Cho 4nh xa f : R> — R? x4c dinh béi f(x1,x2) = (x1 +
2x3 +1,2x1 + xp). Ching minh f 1a mét song anh.

Bai tap 1.16. [Dé thi DS K51] Cho cac tap hop X, Y, Z va cac anh xa f:X—=Y,g:Y—=Z
Gia thiét f toan anh, g o f don 4nh. Chitng minh g 14 don 4nh.

Bai tap 1.17. [Dé thi DS K52] Cho anh xa f : R?> — R? xac dinh béi f(x1,x2) = (4x1,5x3).
Ching minh f 12 mét song 4nh. Xéc dinh f(A) v6i A = {(x1,x2) € R?|x% + x5 = 9}.

17



18 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

§4. CAU TRUC PAI SO

4.1 Cau truc nhom
Gia st G 1a mét tap hop. Méi anh xa
0:GxXxG—G

dugc goi 1a mot phép todn hai ngéi (hay mot ludt hop thanh) trén G. Anh cta cip phan ti
(x,y) dugdc ki hiéula x o y.

Dinh nghia 1.1. Mt nhom la mét tap hop khdc rong G dudc trang bi mét phép toan hai
ngoi o thod man ba diéu kién sau day:

(G1) Phép toan co tinh chat két hop:

(xoy)oz=x0(yoz),Vx,y,z€ G

(G2) Co mét phan tire € G, dudc goi Ia phan ti trung 1ap hay phan ti trung hoa vdi tinh
chat
xoe=ceox=x,Vx€G

(G3) Vi moi x € G ton tai phan titx' € G dudc goi 1a nghich ddo ciia x sao cho

xox' =x'ox=e

Nhom G duoc goi 1a nhom giao hoan hay abel néu phép toan co tinh chat giao hodn:
xoy =yoxVx,y€G.
Mot s6 tinh chat
1) Phan tit trung lap e 1a duy nhét.
2) Phan tt nghich dao x’ cta x 1a duy nhét.

.. . |xoy=xo0z=>y=z
3) Luat gian udc
Xoz=Yyoz=x=1.
Vi du 4.1 (Giua ki, 20173). Cho G # @ cung vdi phép toan hai ngéi x la mot nhom thoa
man x x x = e vdi moi x € G, d do e la phan tit trung hoa ctia G. Hoi (G, x) co phai l1a mot
nhom giao hoan khong? Vi sao?

18



4. Cau tric dai sé 19

[Loi giai] Mot mit,
e=(x*xy)x(x*xy) =x%(y*xx)*y.
Mat khac,
e=exe=(xxx)*(yxy) =xx*(x*xy)*y.
Do do,

x*x(yxx)ky=xx(x*xy)xy=>y*xx=xxy,Vx,y € G (theoluat gidn uéc)

Két luan: (G, *) 1a mot nhém giao hoan.

4.2 CAu truc vanh

Dinh nghia 1.2. Mt vanh la mét tip hop R # @ dugc trang bi hai phép toan hai ngoi,
gom phép cong
+:RXR—=R,(xy)—x+y

va phép nhan
.:RXR—=R,(x,y) — xy,

thod man ba diéu kién sau:
(R1) R la mét nhom abel vdi phép cong.
(R2) Phép nhén co tinh chat két hop:

(xy)z = x(yz),Vx,y,z € R

(R3) Phép nhan phan phoi tir hai phia doi vdi phép cong:

(x+y)z=xz+yz
z(x+y) =zx+2zy,Vx,y,z € R

Vanh R duoc goi 1a giao hoan hay abel néu phép nhan co tinh chat giao hoan:
xy = yxvx,y € R.
Vanh R duoc goi 1a co don vi néu phép nhan co don vi, tifc ton tai phan tir1 € R sao cho
1x = x1 = xVx € R.

Quy uéc: DE thuan tién vé mat ki hiéu, phan tit trung hoa ctia phép cong sé dudce ki hiéu
12 0, néu vanh c6 don vi thi phan tit don vi sé duge ki hiéu 1a 1.

19



20 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

4.3 CAu tric truong

Pinh nghia 1.3. Mot vanh giao hodn co don vi1 # 0 sao cho moi phan tit khac 0 trong
no déu kha nghich dudc goi 1a mot trusng.

4.4 Bai tap

Bai tap 1.18. Cho X = Q\ {_71}, trong d6 Q 1a tap hdp cac s6 hitu ti. Trén X ta dinh
nghia phép toan x nhu sau:
Vx,y e X, xxy=x+y+3xy.

a) (X, x) c6 la nhom abel khong? Tai sao?.

b) (Q, x) ¢61a nhém khong? Tai sao?
Bai tap 1.19. Cho G{1,2}, trén G ta dinh nghia cac phép toan nhu sau:

1+41=1,14+42=224+1=2,24+2=1
Chting minh rang (G, +) 1a mét nhém.
Bai tap 1.20. Cho G = {fi, f2, f3, fa, f5, fo} la tap cac anh xa tt R\ {0,1} — R\ {0,1} xac
dinh nhu sau:
A =5 folx) = T (1) = 1= file) = o fo(x) = 1= 2, folx) =
1 — A, )2 _1_x/3 — x14 _x/5 — 7]6 _X—l

Ching minh G cung véi phép toan la phép hdp thanh tich anh xa lap thanh mo6t nhom
khong abel.

Chitng minh. GO) Dé kiém tra mot tap hdp clung véi cac phép toan nao dé c6 phai 1a mot
cau tric dai s6 hay khong, truée hét phai kiém tra xem cac phép toan trén tap hop
dé c6 phai 1a phép hgp thanh khoéng (c6 phai 1a phép toan déng khong), roi sau dé
mdéi di kiém tra cac tién dé ctia ciu tric dai s6 d6. Déi véi cac tap hop cé hitu han
phan tit ngusi ta thuong kiém tra tinh déng ctia phép toan bing phuong phap lap
bang.

filf|fs|falfs|fe
AlhA 2| fs]falfs]fe
AlhA 2| fs|falfs]fe
folfal|fa|filfe|fa|fs
fal|fs|fi|fo|fs|fe| fa
falfa|fs|fe | 1| 2] fa
fs|fs|fe|fa|Sfa| 1] fo
felfo | fa|fs | o] f3| S

20




4. Cau tric dai sé 21

Nhin vao bang ta thay phép hdp thanh anh xa la phép toan déng trén tap G.
G1) Phép hop thanh cac anh xa c6 tinh chat két hop.
G2) Phan tit trung hoa: f;

G3) Phan ti dbi:

Al | fs|falfs]fe
Phantt déi | f1 | fz | fa | fu| f5 | fo

Hon ntta fyo fo = f5 # fo = f2 o fa nén G la mét nhém khoéng abel. m

Bai tap 1.21. Cac tap sau véi cac phép toan thong thuong co 1ap thanh mot vanh, truong
khong?

a) Tap cac s6 nguyén lé.
b) Tap cac s6 nguyén chan.
¢) Tap cac sb hitu ti.

d X = {a+b\/§]a,b€Z}.
e) Y = {a+b\/§|a,b€Q}.

Chitng minh. a) Tap cac s6 nguyén 1é khong déng véi phép toan cong nén khong phai
la mgt vanh (truong).

b) Tap cac s6 nguyén chan 14 mét vanh giao hoan nhung khong cé don vi nén khéng
phai la mot truong.

¢) Tap cac sb hitu ti 12 mot truong.

d X = {a +bV2ab e z} 12 mét vanh giao hoan, cé don vi 1, nhung khéng phai 1a
mot truong vi v/2 € X khong c¢6 phan ti d6i.

e Y= {a +bV3|ab e Q} 14 mét truong. Chd ¥ ring

1 a —b
— V3eY
a+ b3 a2_3b2+a2_3bz‘/§€

21



22 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

§5. SO PHUC

Ching ta biét rang phuong trinh X? = 2 khong c¢6 nghiém hitu ti da dan dén nhu cau
xay dung mét truong sb thuc R nhu 1a mot su bé sung cta truong s6 hitu ti Q, nham tim
nghiém cho phuong trinh do.

Mbt cach tuong tu, phuong trinh X2 + 1 = 0 khong ¢6 nghiém thuc din dén mét nhu
cAu can mé rong truong sé thuc bang cach xay dung thém nhitng sé6 méi, trusng cac sb
phuc.

5.1 Dang chinh tac ctia sé phiic

Gia st rang ton tai mot s6 nao d6, ma ta ki hiéu 1a i, théa man tinh chét 2 = —1. Piéu
nay dan dén viéc chap nhan cac sé méi c6 dang a + bi, 6 d6 a,b 1a cac s6 thuc. St dung hé
thic i = —1 ta cé:

Cac phép toan trén dang chinh tic ctia s6 phic

1. Phép cong, tru
(a+bi)E£(c+di)=(atc)+ (btd)i

2. Phép nhan
(a+bi)(c+di) = (ac — bd) + (ad + bc)i

3. Phép chia

ﬂ+b1_ . N . —a b .
A (a+bi).(c+di)”" = (a+ bi). (a2+b2 + a2+b21)

Tuy nhién, vin con mét cau héi: Vay thue su i 1a cai gi, va né c6 ton tai khong?
Dé tranh tinh trang khé xi nay ta dong nhat sb phic a + bi véi cip sb thuc (a,b) va
dan t6i dinh nghia sau day.

DPinh nghia 1.4. M6t cdp co thit tu hai s6 thuc (a,b) dudc goi 1a mét s6 phite. Tap hop tat
ca cdc s6 phitc duoc ki hiéu bdi C,

C ={(a,b)|a,b € R}.
Ta dinh nghia cdc phép todn trén sé phiic nhu sau
(a,b) + (c,d) = (a+c,b+d), (ab)(c,d)= (ac—bd,ad+ bc).

Ménh dé sau c6 thé dude chiing minh mét cach hoan toan tuong tu nhu viéc chiing minh
QW/3) = {a+h/3|a,b € Q} 1a mét trusng 6 Bai tap 1.21.

22



5. S6 phiic 23

Pinh 1y 1.5. Tép hop cdc sé phiic ciing vdi hai phép toin cong va nhan dinh nghia nhu
trén lap nén mot truong.

Phan ti trung l4p ctia phép cong 1a 0 = (0,0), phan tit don vi ctia phép nhan la 1 = (1,0),
va quan trong nhét,

i=(0,1) = i*=(0,1)(0,1) = (—1,0) = —1.

Nhu vay, i thuc su ton tai, né chinh 1a céip c6 thi tu (0,1) va né 1a "vat liéu" méi dé xay
dung nén "ngdi nha" s phic.
MGi s6 phiic (a,b) khi d6 c6 thé dugc viét dudi dang

z=(a,b) =a(1,0) +b(0,1) = a+ bi.
z = a + bi dudc goi 1a dang chinh tic ca sb phiic, a = Rez dudc goi 1a phan thuc cta sb

phtic va b = Im z dudc goi 1a phan 4o ctia sb phiic.

5.2 Dang ludng giac cua s6 phite

|
|
|
|
:
|
O X

MGéi sb phiic z = a + bi dudc biéu dién béi mot diém M(a, b) trén mat phang Oxy. Diém M
dudc goi 12 anh ctia s6 phiic z va (a,b) dude goi 1a toa vi ctia s6 phiic z. Khi d6 dat

r = [OM|
¢ = (Ox, (ﬁ)/l)
Khi d6 z = a + bi = r(cos ¢ + isin ¢) dudc goi 1a dang lugng giac ctia sb phiic.
i) r dudc goi 1a d6 dai ctia sb phiic z, ki hidu 12 |z|,
ii) ¢ dudc goi la Argument caa s6 phic, ki hiéu 1a Argz.
Cac phép toan trén dang ludng giac caa sb phiic

23



24 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

1. Phép nhan
Néu z; = r{(cos @1 +isin ¢1),zy = r2(cos ¢ + isin @;) thi

2120 = r112.[cos(@1 + @2) +isin(@1 + @2)]
Vay |z122| = |z1]|22], Arg(z122) = Argzi + Argz;

2. Phép chia

Néu z; = r{(cos @1 +isin ¢1),zy = ra(cos ¢ + isin @,) thi

z r ..
"L = "L (cos(g1 — ¢2) +isin(g1 — ¢2))
Y4y) 12
. |Z1 121|
vay || = Al
ay Z |ZZ|

3. Phép luy thua (Cong thic Moirve)

z=r(cos ¢ +ising) = z" =r".(cosng + isinng)
Vay |2"] = |z|"

4. Phép khai can
Néuz = r(cos@ +ising) # 0thi {/z = /7. [COS%M—I—ism@Hk”},k =0,n—1

n

Nhan xét rang moéi s6 phtic z # 0 déu cé n s6 cin bac n khac nhau.

5.3 S6 phiic lién hgp

Cho sb phtic z = a + bi, s6 phitc Z = a — bi dugc goi 1a sb phic lién hop ctia sé phic z. O
dang lugng giéc, sb phiic lién hop clia sb phiic z = r(cos ¢ +isin @) 14z = r(cos ¢ — isin ).
Mot s6 tinh chat ctia s6 phiic lién hop:

lLz=z 5. |z] = |z]

2. z+Z=2a=2Rez 6. 21tz =21 +2
3. z2Z = a> + b? = |z|? 1. Wz =21 22
“i- 5. (%) =%

5.4 Bai tap
Bai tap 1.22. Viét cac sb phitc sau dudi dang chinh tac:

24
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5. S6 phiic
. i 21
a) (1+iv3)° c) 8:313
b) V1—iV3 d) (24 iv12)%(v/3 — i)

Chitng minh. Thong thuong, ta nén chuyén cac s6 phic vé dang lugng giac, roi thuc hién
cac phép todn nhan, chia, luy thira, khai can, sau d6 méi dua két qua vé dang chinh téc.

a)
(1+iv3)? = [2 <cos% +isin%>]9 = 27

b) Ta c6 (1 —iv/3) =2 (cos £ +isin =) nén

1—ivV3=1z =3¢ Tk fisin(( 2 4k E _
1—1\/5—{Zk—\/§{cos(24 +k4>+1sm((24 +k4)},k 0,7}

¢) Tuong tu, Sf?ﬂ — 24

i =
d) (2+4iv12)3(v/3 — i)l = (—21)i,

Bai tap 1.23. Tim nghiém phtc ctia phuong trinh sau:

4 _ n:2 —
c) z-—-3iz°+4=0 e) E=E
N A(V3+i)=1-—i

a) z22+z+1=0

b) z242iz—5=0 d) z26—-73-8=0

Bai tap 1.24. Chiing minh néu z + % = 2cos6 thi z" + zln =2cosnb,Vn € Z
Chitng minh. Véi diéu kién z # 0 thi

1 =z] = 6+ isin@
z4+-=2cosh <22 —2cosbz+1=0< FT A oS +zsm' .
z = zp = cos(—0) + isin(—0)

Hon ntta z1zp = 1 nén

1
z" + i z§ + 2z = (cosf +isinf)" + [cos(—0 + isin(—0)"] = 2cos b

Bai tap 1.25. a) Tinh tong cac cin bac n cta 1.

b) Tinh téng céc cin bac n cia sb phic z bat ky.

n—1
¢) Cho ¢, = cos 2"7” +isin 2"T”,k =0,1,..,(n—1) . Tinh téng S = ;Eo e, meZ).

25



26 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

Chiing minh. a) Goieq,éep,...,6, la cac can bac n cua 1. Cac can bac n cua don vi sé lap
thanh tap nghiém ctia phudng trinh z" — 1 = 0 nén theo dinh ly Viet

n—1
2 & = 0
k=0

Ngoai ra
Z 81'8]' =0, Hz;égk = (—1)”71
0<i<j<n—-1
n—1
b) Tuong tu Y &, =0
k=0
Onéun fm
c) S= . n
n neu n|m

Bai tap 1.26. Cho phuong trinh &F1°=1 — ¢
a) Tim cac nghiém ctia phuong trinh trén.

b) Tinh mo6dun cta cac nghiém.
. . - . . < 32 42 8 . k
¢) Tinh tich chia cac nghiém tit d6 tinh [T sin “f.
k=1

Chiung minh.

G+1 _ § ¢6 8 nghiém la

2k 2k
X = —14 cos (%) +isin (_7'[) k=1,2,...,8

Chu y rang v6i k = 0 thi x = 0 ¢ TXD.

a) Phuong trinh

b) Ta c6 |x;| = 2sin (%ﬂ)

9 ..
c) Phuong trinh % = Y. Cix'"! =0 c6 8 nghiém la x;, k = 1,2,...,8 nén ap dung
i=1
dinh ly Viet ta c6
8
1—[ X — 9
k=1
Tu do suy ra
ﬁ sin k—ﬂ = 2
1 9 28

Bai tap 1.27. Tim nghiém phic cua phuong trinh sau:

26



5. S6 phiic 27

a)?zzl3 b) z* =z+7z.
Chitng minh. a) 2/ = % = 7723 =1 = [772% =1 = 2| = 1 = |z| = 1. Do d6
2 - ..
Z:%:1.T1‘Idéz7:Z%<:>z4=1®z:zk=cosk7”-l—zsmk7”,k=1,2,3.

b) Gia sttz = a + bi v6ia,b € R. Khi d6 z* = z+z < (a+ bi)* = (a + bi) + (a — bi). So
sanh phan thuc va phan ao cta hai vé ta dude hé phuong trinh

a* — 6a%b® + b* = 2a
4a3b — 4ab® = 0
Giai hé phudng trinh trén ta dudc cac nghiém cta phuong trinh la

1 1.
~35 T35t

1 1.
21:0,22:\3/5123:—%—%1124: \/§ \/5

Bai tap 1.28. Cho x,y,z la cac s6 phtic ¢c6 modun bang 1. So sanh médun caa cac sé phic
x+y+zva xy +yz + zx.

Chiing minh. Do |z| = |y| = |z| = 1 nén xX¥ = yy = zz = 1. Do d6

|y +yz + 2x| = [xyzz + yzaX + zxyy| = |xyz(X +7 +2)| = [zl [x Fy + 2] = [x +y + 2]

27
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CHUONG 2

MA TRAN - DINH THUC - HE PHUONG TRINH

§1. MA TRAN

1.1 Cac phép toan trén ma tran
1. Phép cOng, tru hai ma tran
2. Phép nhan ma tran véi mot s6
3. Phép nhan hai ma tran

4. Ma tran chuyén vi

1.2 Cac tinh chat

(k(A+B) = kA + kB

A+B=B+A
(k+hA=kA+hA=A
A+0=0+A=A
1. 2. { k(hA) = (kh)A
A+(—A)=(—A)+A=0
LA=A
[ (A+B)+C=A+(B+C)
0.A=0

(A.(B+C) = AB + AC)
(A+ B)C = AC + BC
(AB)C = A(BC)

| k(BC) = (kB)C = B(kC)

(A.B).C = A.(B.C)
3. JAI=1A=A 4.
Chu y rang AB # BA

29



30 Chuong 2. Ma trdan - Dinh thic - Hé phuong trinh

5. (AB)! = B'A!

Bai tap 2.1. Tim ma tran X thoa man:

1 213 0] 1 -2
2X =
a) [—3 4 [2 1T 5 7 ]
1 -32]1[25 6 0 —6 6
b) 3X— |3 —4 1 125(=|-2 9 2
2 =53] |13 2 —4 -8 6
[Pap so]
-3 _2 0 —-12 12
X =
» 3 g] b) X=|-4 18 4
8 —16 12
1 -2 3
Bai tip 2.2. Chomatran A= | 2 —4 1 | vadathdc f(x) =3x?> —2x +5. Tinh f(A).
3 -5 3
Chiung minh. Ta co
1 -2 3 1 -2 3 6 -9 10
A2=12 -4 1 2 4 1|=|-3 7 5
3 -5 3 3 -5 3 2 -1 13
6 -9 10 1 -2 3 100
f(A)=3A2-2A+5E=3| -3 7 5 |-2|2 —4 1|+5/0 10
2 -1 13 3 -5 3 00 1
||
21 —23 24
= | -5 34 13
0 7 38

Bai tap 2.3. Tinh A" véi

a) A=

_ O

sina cosa

cosa —sina 1
b) A= a
0

[

a
0
0
cosna —sinna ., . 3
] v6i moi n € IN bang phuong

Chiing minh. a) Ching minh A" = [ .
sinna  cosna

phap qui nap.

30



1. Ma tran 31

a
b) Véin=1A'= | 0
0 0 a

V6in > 2 taviét A =B+ E, véi E 1a ma tran don vi cAp 3 va B =

o O© O
S O =
o = O

Ta c6 B? = ,B® = 0 nén B* = 0 véi moi k > 3. Ap dung cong thic khai

o o O
o O© O
e R R

trién Newton:

n
A" = (B+aE3)" = Y CkB¥(aE3)"* = CJ(aE3)" + CLB(aEs)" " + C2B*(aE5)" 2
k=0

1 0O 010 001
. n n—1 (1’1—1)1’1
=a 01 0| +na 0 01 +—2 000
0 01 0 0O 000
a" a1 (”*21)"11;1—2
=10 a na1
0 0 a

Nhan xét: Ta ciing c6 thé chitng minh cau b) bang quy nap nhu cau a). Tuy nhién,
mudn dung phuong phap quy nap ta can du doan dudc két qua ctia bai toan. Piéu
nay khong phai lic nao ciing dé lam. »

Bai tap 2.4. Tim tat ca cac ma tran vuong cap 2 thoa man:

00 bx2_ |10
00 01
a b a b |
c d cd|
(2+bc =0 (2 +bc =
Jabrbd =0 Jblatd) =

ca+dc =0 cla+d) =
cb+d> =0 |cb+d> =0

0 O]hoécX:[
c 0

a) X2 =

a2 +bc ab+ bd

Chung minh. a) GiasuX = 2
ca+dc cb+d

c

b ] ,taco X2 =
d

Vay:

Giai hé phuong trinh trén ta dude X =

b .. <
v6i a,b,c la cac
—a

ST

s6 thuc tuy yvab # 0
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32 Chuong 2. Ma trdan - Dinh thic - Hé phuong trinh

b) Tuong tu nhu ciu a), ma tran X cé thé cé cac dang sau:

a b -10] [1 0] [-1 o0
1-2 —a|’ e 170 1|0 -1

Bai tap 2.5. [Cubi ki, K60] Cho ma tran A vuéng cip 2016 théa man ATA = 0. Ching
minh ring A = 0.

1 0
c —1

Chutng minh. Cap 2016 ctiia ma tran khong quan trong. Pat
AT = (@)nxn, A= @ji)uxn, B = (byj)wxn = ATA.

Khi d6, theo dinh nghia ctia phép nhan ma tran,
n
bz; = Z aikajk.
k=1
Cho i = j va lay tong tit 1 dén n ta dugc

n n n n n
=Y b= Zzlka =Y Y @ = ap=0Vik=A=0.
=1 i=1k=1

i=1 i=1k

Theo chiing minh trén, thuc chat, chi can gia thiét

n
Y by =tr(ATA) =0
i=1

la dt dé kéo theo A = 0, 6 d6 tr(ATA) 1a vét ctia ma tran AT A, tic 14 téng c4c phan ti 6
trén dudng chéo ctia né. Xem thém vét ciia ma tran 6 Phu luc A 5.
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2. Dinh thuc 33

§2. PINH THUC

2.1 Dinh nghia

2.2 Cac tinh chét cua dinh thic

1.

2.

det A = det A!

Cong thic khai trién mot dinh thitc theo mét hang hay cot bat ki:

n . .
detA = Z(—1)1+]Eli]‘ detMl‘]‘
=1

det A = f(—niﬂ' det M;;
i=1
0 d6 M;; la ma tran thu duge ti ma tran A bang cach bd di hang i va cot j.
Mét dinh thiic c6 hai hang (hay cot) bang nhau thi bang khong.
Néu d6i ché hai hang (hay c6t) cia mot ma tran thi dinh thic cia né d6i dau

Néu thém vao mot hang (hay cot) mot t6 hop tuyén tinh cta cac hang (hay cot) khac
thi dinh thitc khong déi.

Mét dinh thiic c6 mot hanh (hay cot) bang 0 thi bang 0.

Néu nhan cac phan ti cia mot hang (hay cot) véi mot sé k thi dude mét dinh thiic
méi bang dinh thic cit nhan véi k.

Pinh thic cia mét ma tran tam giac bang tich ctia cac phan t trén dusng chéo.

det(AB) = det AdetB

2.3 Cac phuong phap tinh dinh thuc

D€ tinh mot dinh thtc, c6 thé khai trién dinh thic theo moét hang hay cot nao dé dé
dua dinh thitc vé dinh thic c6 cAp nhé hon (tit nhién nén chon hang hay c6t nao ¢6 nhiéu

s6 0 nhat), ciing c6 thé tim cach bién doi so cap dé dua dinh thiic vé dang don gian hon
(khong nhéat thiét phai dua dinh thic vé dang dinh thic cia ma tran tam giac, d6i khi chi
can dua dinh thic vé dang don gian roi khai trién dinh thiic).
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34 Chuong 2. Ma trdan - Dinh thic - Hé phuong trinh

2.4 Ma tran nghich dao
1. Pinh nghia

Dinh nghia 2.1. Cho A la mét ma tran vuong cap n, néu ton tai ma trdan B vudng
cap n sao cho
AB=BA =1

thi ta noi ma tran A kha dao (kha nghich) va goi B la ma tran nghich dao cua ma
tran A.
Ma tran nghich dao ctia ma tran A dugc ki hiéu la A1

2. Su duy nhat ctia ma tran nghich dao

Dinh ly 2.2. Ma tran nghich déo ciia ma tran A néu co thi duy nhét.

3. Su ton tai cia ma tran nghich dao

DPinh 1y 2.3. Cho ma tran A vudéng cap n, néu det A # 0 thi ma tran A khé nghich
va ma tran nghich dao cua no duoc tinh theo cong thiic:

1
-1 _ T
- de’cA'C ’

trong do C = [Cl’]’] vOi Cij = (—1)i+j det Mz]

4. Ma tran nghich dao cua tich hai ma tran

Dinh ly 2.4. Cho A, B 1a hai ma tran vuéng cap n kha nghich. Khi do AB ciing kha
nghich va
(AB)"l =B71a1

5. Céac tinh ma tran nghich dao bang phuong phap Gauss-Jordan

(a) Viét ma tran don vi I bén canh ma tran A.

(b) Ap dung cac phép bién d6i so cAp vé hang dé dua ma tran A vé ma tran don vi
1, dong thdi tac dong phép bién ddi so cap trén ma tran I.

(c) Khi A da bién d6i thanh I thi I tré thanh ma tran nghich dao A~1.

Bai tap 2.6. Tinh cac dinh thic sau:
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2. Dinh thuc 35

2 1 3 a b ¢ 1 1 ¢
a)|5 3 2 b)|b ¢ a )| 1 1 ¢/,

1 4 3 c ab e ¢ 1

2

[Pap sb]

a) 40

b) acb + bac + bac — 3 — b —a® = a® + b3 + 3 — 3abe

3:1
¢) Do ¢1a can bac 3 ctia don vi nén € )
1+e+4+e=0.
Do d6
1 1 ¢
11 & |=1+e*4+-2-1-=-3.
e ¢ 1

Bai tap 2.7. Khong khai trién dinh thitc ma dung céc tinh chat ctia dinh thic dé chiing

minh:
a+bix ag—bix 1 a b1
a) | ap+byx ap—byx ¢ |=—-2x|a, by ¢
as + b3x as — b3x C3 as b3 C3
a be 1 a a?
b) |1 b ac|=|1 b b?
c ab 1 ¢ 2
1 a a° a a®
|1 b b|=@+b+c)|1 b V?
c ¢ c c?
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36 Chuong 2. Ma trdan - Dinh thic - Hé phuong trinh

Chiing minh. a)

a+bix a1 —bix
ar +box ar —byx ¢
as + bsx as —bsx c3
2a1 a1 —bix
=|2ap a1—bix ¢ [(C2+C; — Cq)
2a3 a1 —bix c3

al a1 — blx (o5} 1
=2|a, a;—bx ¢ |(Cy % E)
az a1 —bix c3

a1 —bix
=2|ay, —bx ¢ [((-1)C1+Cp = Cy)
as —b3x C3

a1 by
=—2x a bz Co
az bz c3

b)

a bc
b ac
c ab

a a*+4ab+bc+ca
2 +ab+bc+ca | (Cox (a+b+c)+C3— C3)
c c+ab+bc+ca

a a?

b b*> |(Cy x (—ab—bc—ca)+ Cs — C3)

I
e S i G Y
S

Chu y: Néu 4, b, ¢ # 0 thi ta c6 thé chitng minh nhu sau:

1 a be L] a? abc . a a® 1 1 a a°

1 b ac|=—|b b? abc|=—abc|b V> 1 |=|1 b b2
abc abc

1 ¢ ab c ¢ abc c 2 1 1 ¢ c?
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2. Dinh thuc 37

c)

a a’®+a’b+a’c

b3+ b2a+b%c | (Cy x (—abc) + Cy x (ab+ bc + ca) + C3 — C3)

c A4ctatc?h

a a*(a+b+c)

b b*(a+b+c)
)
2

I
GV VG W
Ny

c la+b+c

1 a a

=(a+b+c)| 1 b b
2

1 ¢ ¢

Bai tap 2.8. Tinh cac dinh thuc sau:

a+b ab a%+ b? 1 1 2 3
a) A=|b+c bc b*+c? oc|! 2—-x2 2 3
c+a ca a*+ c? 2 3 1 5

a b ¢ d 1+x 1
b)B:b a d c & D= 1 1—x 1
c dab 1 1+z
d ¢ b a 1 1 1 1—z

a+b ab a%+ b?
Chung minh. a) A=|b+c bc b?+c? | =a%(c>—b?) +b%(a® — c?) + 3(b? — a?)
c+a ca a? —1—02
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b)

a b ¢ d

b a d c

cdab

d ¢ b a

a+b+c+d

B b a

N c d

d c

1111
b ad c

= b d

(a++c+)cdab
d ¢ b a
1 0 0
b

:(a-l—b—l—c-i—d)c

d
a
b

0

a—b d—b c—b
d—c a—c b-—c
d c—d b—d a—d

a—b d—b c—Db

=(a+b+c+d)|d—c a—c b—c

=(a+b+c+d) d—c
c—d
a+d—c—b
=(@a+b+c+d) d—c
c—d

=(a+b+c+d)(a+d—c—D)

c—d b—d a—d
a+d—c—b at+d—c—0b

a—c
b—d
0 0
a—d b-—c
b—c a—d

a—d b—c
b—c a—d

(C

b+a+c+d c+d+a+b d+c+b+a

c
b

a

(R1 +R2+R3+R4)

—C1,CG3—C1,C— ()

0
b—c (R2+R1)
a—d

(C2—C)

=(a+b+c+d)(a+d—b—c)(a+b—d—c)la+c—b—d)
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c)

3

2

1 2—x2

1 9—x2

3

(Rz — R3)

1 2 2—x2

(Ry — 2Ry, R3 — Ry, Ry — 2R;)

1 — x2

0 0

1—x2

0 0

d)

1+x

1+2z

(Hy — Hy, H3 — Hy)

1
z

1 1—x 1
0

1 1—z

1
0 0 O

b
1

(C1 —Cy,C3—Cy)

0
0
—z

—x 1
0 0 =z
1 1

0

x*z?

39



40 Chuong 2. Ma trdan - Dinh thic - Hé phuong trinh

Bai tap 2.9. Ching minh néu A 13 ma tran phan xing cap 7 1& thi det(A) = 0.

Chitng minh. Do AT = —A nén det A = det AT = det(—A) = (—1)"det A = — det A. Vay
detA = 0. n

Xem thém vé ma tran d6i xiing, phan d6i xting va cac tinh chat ctia né 6 Phu luc A4.
Hé qua 2.5 (Cubi ki, K61). Cho ma tran thuc A vuéng cap 2017. Ching minh rang
det(A — AT)20Y7 = 2017(det A — det AT).
Chiing minh. Nhan xét rang det A = det AT nén vé trai ciia dang thic trén,
2017(det A — det AT) = 0.

Nhu vay, chi can chiing minh det(A — AT)?Y = 0 < det(A — AT) = 0. That vay, dat
B=A—-ATtacé BT = AT — A = —B nén B la mot ma tran phan xtng cap 2017 18. Theo
Bai tap 2.9 thi det B = 0. [

Hé qua 2.6 (Gitta ki, 20163). Cho A, B la cdc ma tran vudng cap 2017 théa man AB +
BTAT = 0. Chitng minh rang mot trong hai ma tran co dinh thiic bang 0.

Chiuing minh. Ta co
AB+BTAT =0« AB+ (AB)T =04 AB= —(AB)T.

Nhu vy, AB 1a mot ma tran phan xiing cip 2017 1é nén det(AB) = det Adet B = 0. Suy ra
diéu phai ching minh. n

Bai tap 2.10. Cho A = [a;];x» 1a ma tran phic sao cho 4;; = —a;;. Chiing minh det(A) la
mot sb thue.

Chiing minh. Theo bai ra, AT = A, vi dinh thic cia mét ma tran 1a tong cac sb6 hang
trong d6 mdi s6 hang la tich cac phan ti cia ma tran d6, nén ti tinh chat ctia sé phic lién
hdp, ta c6 det A = det A. Tu d6 ta ¢

detA =detA = det AT = det A=detA € R.
Tinh chat det A = det A rat hay. N6 ¢6 thé dudc st dung dé chiing minh két qua sau.
Bé dé 2.7. Cho A, B 1a cdc ma tran thuc vuéng cung cap. Ching minh rdng
det(A% + B%) > 0.
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2. Dinh thuc 41

Chiing minh. Ta co

det(A% 4 B?) = det(A — i’B) = det(A + iB) det(A — iB)
— det(A + iB)det(A +iB) = |det(A +iB)|*> > 0.

Bai tap 2.11. [Olympic Toan hoc Sinh vién Toan quéc 2018 - Bang B] Cho a 14 mot sb
thuc va n 13 mot s6 nguyén duong. Xét ma tran vudéng cip n sau

a 0 o 0 n—1
0 a oo 00 n—2
An: : : P
0 0 ceeoa 1
n—1 n—-2 --- 1 a

Tinh dinh thic cta A, trong cac truong hgp
a) n =4,
b) n = 2018.

[Loi giai] Khai trién theo c6t thit nhat ta dudc

detA, =adetA,—1+ (—1)"(n—1)detB,

g do
0O --- 0 n—1
a -+ 0 n—-2
detB=| | _ = (-1)"2(n—1)a"2
0 n 4 1 (n—1)x(n-1)
Do do,

n—1
1
detA, =adetA,_1—(n—1)%"?=a"-a"2) i*=a"- ga’“z(n —-1)(2n—1).
i=1

Thay n = 4 va n = 2018 vao dé lan lugt thu dudc két qua

Bai tap 2.12. Tim ma tran nghich déo ctia cac ma tran sau:

3 4 3 -4 5 1 —a 0 O
a) A=
5 7 b)) B=1|2 -3 1 0 1 —a 0
c) C=
3 -5 1 0 0 1 -—a
0 0 1
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42 Chuong 2. Ma trdan - Dinh thic - Hé phuong trinh

Huéng dan: Tim ma tran nghich dao clia ma tran A ¢6 det A # 0 thudng tién hanh
theo hai cach:
Cach 1: Dung ma tran phu hop.
Tinh c;j = (—1)"*/ det M;j trong d6 M;; 1a ma tran ¢6 dudc tit A béng cach bé di hang i cot
j. Xay dung ma tran phu hop C = [¢;j]. Khi d6 A~ = 4.CT.
Cach 2: Phuong phap Gauss-Jordan. Viét vao sau ma tran A ma tran don vi E dé dudc

ma tran [A|E], sau d6 stt dung cac phép bién ddi so cap theo hang dua ma tran trén vé ma
tran [E|B]. Khi dé, B 12 ma tran nghich ddo A~!. [Dap so]

7 —4 a b d —b
a) A7l = . Tong quat, A = A l=_1
) [—5 3] g4 c d detA[ c a]
2 —-21 11
b) Bl=L1] 1 -12 7
-1 3 -1
1 a a* a3
¢ C1— 01 a a°
|00 1 a
00 0 1

Bai tap 2.13. Giai cac phuong trinh ma tran sau:

- 2 -1 -1 1 2 -3
2 1 -1 2 1 -1
a) 1 3 2 |+X|31 -4 | =
11 2 -2 3 1
L 3 -2 2 11 -3
[ 2 -1 1 1 -2 11 2 2 3
b) | -1 3 2 2 1 [+ 21 3 |[X=]|-12
3 -2 2 3 1 1 1 -1 1 1

Huéng dan: Viéc giai cac phuong trinh ma tran ciing gibng nhu viéc giai cac phuong
trinh dai s6, nhung can luu y phép nhan ma tran khong cé tinh chat giao hoan nén

AX=B& X=A"!B
XA=B& X=BA!

Bai tap 2.14. a) Chiing minh ring ma tran A =

] thoa man phuong trinh sau:
c

x? — (a+d)x +ad — bc = 0.
b) Chiing minh véi A 1a ma tran vuéng cap 2 thi A¥ =0, (k > 2) & A% =0.
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2. Dinh thic 43

Chitng minh. b) Nhan xét rang ta chi can chiing minh néu A* = 0(k > 2) thi A% = 0.
That vay,
(det A)* = det A¥ =0 = detA = 0= ac—bd =0.

Do d6 tit caua) tacé A2+ (a+d)A =0 (1).

Néua+d=0thi(1) = A=0.

Néua+d#0thi (1) = AF2[A2 + (a+d)A] = 0= (a+d)A"1 = 0=A""1 = 0. Tiép
tuc qua trinh nhu vay ta duge AF = AF1 = .. = A2 =0. »

Bai tap 2.15. Ching minh rang ma tran A vuéng cip n thod man a, AK +a,_ 1A 14+ +
m A+ agE =0, (ap # 0) thi A la ma tran kha nghich.

Chiuing minh.
akAk + ak_lAk_l +---4+a1A+aE=0
<:>llkAk + llkflAk_l +- 4+ 1A= —ayE -
@A(_ﬂAk_ak_—lAk—l_..._a_lE) =E
ao aop ao

Do d6 A la ma tran kha nghich va ma tran nghich dao cta né la

AL = Tk pk k1 qk1 g
ag ag ag

2.5 Poc thém: Ve dinh nghia cta ma tran nghich dao

Ching ta biét rang phép nhan ma tran khong cé tinh chat giao hoan, nghia 1a vé co
ban thi AB # BA. Tuy nhién, trong hau hét cac sach vé Dai s6 tuyén tinh, ma tran nghich
dao dudc dinh nghia nhu sau:

DPinh nghia 2.8. Cho A la mét ma tran vuong cap n, néu toén tai ma tran B vuéng cap n
sao cho
AB=BA =1

thi ta noi ma tran A kha dao (kha nghich) va goi B la ma tran nghich dao cua ma tran A.

Néu doc ki dinh nghia nay thi doc gia sé thay la viéc doi héi "AB = BA" khong dudc "tu
nhién". Mot s6 sach Pai sb tuyén tinh khac né tranh viéc nay béang cach nhu sau:

DPinh nghia 2.9. Cho A 12 mét ma tran vuéng cap n, néu ton tai ma tran B vuéng cap n
sao cho

i) AB = I thi ma tran B dudc goi la ma tran nghich dao phai ciia ma tran A.
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44 Chuong 2. Ma trdan - Dinh thic - Hé phuong trinh

i1) BA = [ thi ma tran B dudc goi la ma tran nghich dao trai cia ma tran A.
Bé dé 2.10. Ma tran nghich ddo phéi va nghich ddo trdi cia A, néu ton tai, 1a tring

nhau.

Chiing minh. Gia st B la ma tran nghich dao phai cia A va C la ma tran nghich dao trai
cua A, nghia la
AB=1, CA=1
Ta can chiing minh B = C. That vay,
B=IB=(CA) B=C(AB)=CI=C=B=C. -

Cach tiép can nay tuy tranh dudc doi héi AB = BA nhung van con mot van dé nita. D6 1a
viéc yéu cau ma tran A phai c6 ca nghich dao trai 1an nghich dao phai (thi khi d6 chung
trung nhau). Chuyén gi xay ra néu ching ta chi gia thiét ring A ¢6 nghich dao phai, ching
han. Thuc té 1,
Dinh 1y 2.11. Cho A, B la cdc ma tran vuéng cipn. Néu AB = I thi BA = 1.
Chiing minh. C6 nhiéu cach chiing minh dinh ly nay. Sau day 1a mét chiing minh "thuan
tay" ma tran va "so cap’, bang quy nap.

1) Néu n = 1, dinh Iy 14 hién nhién, vi véi hai s6 thuc a4, b ta luén c¢é ab = ba.

2) Gia st ménh dé ding véi n = k, ta can ching minh né ding véi n = k + 1. Gia st

P, Q la cac ma tran vudng cap k + 1 nhu sau:

A b E f
-(¢3) o)

i) A, E la cac ma tran vuodng cap k,

6 do

ii) b, f 1a cdc ma tran ¢ k x 1 (da duge in dam dé tranh nham 14n),
iii) ¢,g la cAicma tran cé 1 x k va

iv) d,h € R.

PQ = A b E ¢ B AE +bg Af+bh, g
e d g h - cE+dg cf+dh = Hk+1) x (k+1)
Af+bh =0, (2)

cE+dg =0, (3)
(cf+dh =1. (4)

Khi do,
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2. Dinh thic 45

Ta can chiing minh

op — E f\ (A b\ [(EA+fc Eb+f{d _

\g n c d) \gA+hc gb+hd) (k1) (k+1)
(EA+fc =Ly (5)
Eb+fd =0, (6)

gA+he =0, (7)
lgb+hd =1. (8)

T day ban doc ¢6 thé chiing minh (5), (6), (7), (8) bang cach chia thanh cac budc nhod

sau.:

i) d#0,

ii) d =0,h £ 0,

iii) h=h = 0. n

2.6 Poc thém: Ve mét s6 phép nhan ma tran cé tinh
giao hoan

Tinh chét giao hoan ctia phép nhin mét ma tran véi ma tran nghich dao ctaa né,
AATT=ATTA

Tinh chit giao hoan ctia phép nhan mét ma tran véi ma tran nghich dao ca né dude
st dung, chang han nhu trong bai tap sau.

Bai tap 2.16. Cho A, B la cdc ma tran vuong cung cip théa man AB = A + B. Ching
minh ring AB = BA.

[Loi giai] Ta c6
A+B=AB= (A+1)B+I)=1= (B+1)(A+1) =1
T d6 dAn dén BA = A + B = AB.

Bai tap 2.17. [M6 rong két qua Bai tap 2.16] Cho A, B 1a cAc ma tran vudng clng cap
théa man AB = mA + nB véi m,n € R, m,n # 0. Chitng minh rang AB = BA.

[Loi giai] Ta co
AB=mA+nB = (A—nl)(B—ml)=mnl = (B—ml)(A—nl)=mnl.
Tu d6 dan dén (A — nlI)(B — mI) = (B — mI)(A —nl) = AB = BA.
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Bai tap 2.18. [M6 rong két qua Bai tap 2.17] Cho A, B 1a cdc ma tran vudng clng cap
théa man AB = mA +nA + pl véi m,n,p € R, p + mn # 0. Ching minh rang AB = BA.

Hé qua 2.12 (Cubi ki, 20153). Cho 2 ma tran thuc A va B vuéng cap n théa man AB —
A — B = 0. Ching minh rang AB* = B*A vdi moi k nguyén duong.

Chiing minh. Ap dung két qua Bai tap 2.16 ta ¢c6 AB = BA. Do d6,

AB* = (AB)B*"! = (BA)B*"! = B(AB)B* 2 = B(BA)B* 2 = ... = BFA. n

Tinh chét giao hoan cta phép nhin mét ma tran véi ma tran don vi

Ching ta biét 13, phép nhan ma tran khéng cé tinh chat giao hoan, AB # BA. Piéu
nay dan dén
(A+B)?> = A2 4 AB+BA + B> # A2 4+ 2AB + B?

(A4 B)?> = A2+ 2AB + B?> & AB = BA.
Mot cach tong quat, cong thiic khai trién nhi thiic Newton
n
(A+B)" =Y CrA*B"*
k=0

sé dung néu AB = BA.

Tuy nhién, AI = IA v6i moi ma tran A nén ta c6 bay hang dang thic dang nhé:

1) (A+1)2=A%+2A+1, 5) (A—1)>=A%3-3A2+3A—1,

2) (A—1)2= A2 -2A+1,

6) AS—T=(A-D)(A2+A+1),
3) A2—T=(A-1)(A+]),
4) (A+1)° = A3+ 3A2+3A+1, A +I=(A+1)(A2—-A+]).

Hay xem cac vi du sau day.

Bai tap 2.19. [Cubi ki, Hoc ki 20163] Cho A 12 ma tran vudng thuc cap n théa man
A% + 2017 = 0. Chitng minh det A > 0.

Chung minh. Ta co

A? 420171 = 0 = (A +v20171)* = 2/2017A
= [det(A +v20171)]* = (2/2017)" det A

= detA > 0.
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Mat khac,
A% 420171 = 0 = A% = —20171
= (det A)? = (—2017)"
= detA # 0.
Tit d6 ta c6 det A > 0. -

Bai tap 2.20. [International Mathematical Competition] Chitng minh riang néu A 1a mét
ma tran thuc vuong théa man A3 = A+ I thi detA > 0.

Chiing minh. Ta chia loi giai thanh 3 budc.
i) Trudc hét,

A= A+T= A3 A=1]
=S AA-D(A+I) =1

(2.1)
N det Adet(A—I)det(A+1)=1
det A # 0.
Ngoaira, tit A3 = A+ Itacé (det A)® = det(A+ 1) nén det A cing dau véi det(A +I).
ii) Mat khac,
AB=A+I=>A3-1=A

= (A-D(A2+A+1)=A (2.2)
= det(A —I)det(A® + A+ 1) = det A.

Ap dung B @8 2.7 ta ¢

det(A? + A+ 1) = det

2
1\? V3
— . > (.
<A+2)+<21)]O
Nén tir (2.2) ta c6 det A cing d4u véi det(A — I).

iii) Nhu vay, det A cung dau véi det(A + I) va cung dau véi det(A — I). T phuong trinh
(2.1) ta c6 det Adet(A —I)det(A+I) =1néndetA > 0. ]
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§3. HANG CUA MA TRAN

3.1 Dinh nghia

DPinh nghia 2.13. Hang ciia ma tran A la cip cao nhét cia cac dinh thiic con khac khéng
cua A, ki hiéur(A) hay p(A) hayrank(A).

Tt dinh nghia ta co:
1) Néu A 12 ma tran c¢d m x n thi rank(A) < min{m,n}.

2) Néu A la ma tran vudng cip n thi A kha nghich khi va chi khi rank(A) = n.

3.2 Phuong phap tinh hang caa ma tran bang bién d6i
sG cap ve hang
Dinh nghia 2.14. Ma tran bac thang la ma tran co hai tinh chét:
1. Cédc hang khéc khéng Iuén 6 trén cdc hang bang khong

2. Trén hai hang khac khong thi phan tit dau tién khac khong d hang dudi bao gio ciing
J bén phéi cot chiia phan tit khac khéng dau tién J hang trén.

Pinh ly 2.15. Hang ciia mét ma tran bac thang bang s6 hang khac khong ctia no.

V6i dinh 1y 2.15 da cho, mudn tim hang ctia ma tran A chi can ap dung cac phuong phap
bién ddi so cap trén hang dé dua A vé ma tran bac thang va dém s6 hang khac khong ctia
no.

Bai tap 2.21. Tim hang cta cac ma tran sau:

1 3 5 -1 1 3 5 -1
2 -1 -1 e 0 —7 —11
a) A= .Biendoi A — ... — nénr(A) =4
5 1 -1 0 0 —4
7 7 9 1 0 0 0 —4
(43 5 2 3] (43 5 2 3]
8 6 —7 4 2 00 3 0 —4
b) B=|4 3 -8 2 7 |.BiéndsiB—...— [0 0 0 0 0 |nénr(B)=2.
43 1 2 -5 00 0 0
8 6 —1 4 —6] 00 0 0]
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3. Hang ctia ma tran 49

3.3 Cac tinh chat cua hang cua ma tran
Bé dé 2.16 (Cubi ki, K61). Néu A, B I cdc ma tran vuéng capn > 1 thi
r(A+B) < r(A) +r(B).

Chiing minh. Mot chiing minh "thuan tdy ma tran" cia B6 dé nay la phiic tap. Thay vi
dé, chiing minh thong qua 4anh xa tuyén tinh dé hon nhiéu. Xem chiing minh & Hé qua
4.12. n

Pinh ly 2.17 (Bat dang thic Sylvester). Cho A,B la cdc ma tran ¢é m x n va n X p
tuong ung. Khi do

rank(A) + rank(B) — n < rank(AB) < min{rank(A), rank(B)}
Pinh ly 2.18 (Bat dang thitc Frobenius).
rank(AB) + rank(BC) < rank(B) + rank(ABC)

Viéc chiing minh céc bat déng thitc Sylvester va Frobenius "thuan tiy ma tran" doi héi
cac phép bién doi trén ma tran khoéi, xem Phu luc A6. Cac ching minh dua vao anh xa
tuyén tinh doc gia c6 thé xem & cac Hé qua 4.13, 4.15,4.14.

DPinh 1y 2.19. i) Néu A la mét ma tran thuc thi

rank(A) = rank(AT) = rank(AAT) = rank(ATA).

ii) Néu A 1a mét ma tran phiic, dit A* = (A)T, tite 1a 14y lién hop roi chuyén vi ciia ma
tran A. Khi do

rank(A) = rank(AT) = rank(A) = rank(A*) = rank(AA*) = rank(A*A).
Chiuing minh. Xem ching minh é Hé qua 4.16. n

Vi du 3.1 (Olympic Toan hoc Sinh vién Toan quéc 2018 - Bang A). Cho ma tran

2 4 -3
A=14 6 -5
8 12 —-10

a) Tinh A*.
b) Tim s6 nguyén duong N nhé nhat sao cho rank(A¥) = rank(A**1) vdi moi k > N.
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[Loi giail
4 -4 4 —-16 —16 16
a) A2=| -8 -8 8|=A%*=]|-32 —-32 32
~-16 —16 16 —64 —64 64

b) Tinh truc tiép rank(A) = 2, rank(A2) = 1 va

-1 -1 1
AR =(—2)F | -2 —2 2
—4 —4 4

Do d6, rank(A¥) = 1 véi moi k > 2. Két luan: N = 2.

3.4 Bai tap

Bai tap 2.22. Cho A 12 mot ma tran vuéng cap n. CMR ton tai k < n sao cho r(A¥) =
r(A™) v6i moi m > k. Néi riéng r(A") = r(A"H1).

Bai tap 2.23. Cho ma tran A = [4;j]yx» théa méan Cho a;; = x; +y;. Ching minh réng
rank A < 2.

N . A B
Bai tap 2.24. Cho A la mét ma tran kha nghich. Chiing minh rang néu rank (C D) -

rank A thi D = CA~!B.

Bai tap 2.25. Ching minh riang néu A va B 1a cdc ma tran c6 cung ¢6 va BTA = 0 thi
rank(A + B) = rank A + rank B.

Bai tap 2.26. Cho A va B la cac ma tran vudng cap 1é. Chitng minh rang néu AB = 0 thi
it nhat mot trong hai ma tran A + AT va B + BT 1a suy bién.
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$4. HE PHUONG TRINH TUYEN TiNH

4.1 Dang tong quat ctia hé phuong trinh tuyén tinh

D6 1a hé m phuong trinh dai s6 bac nhat d6i véi n 4n sb

)
apxy +apxy+ -+ apx, = by

Ap1X1 + ApXy + -« - - 4 Xy = by 2.3)

L Am1X1 + ApaXo2 + -+ -+ AppXn = by

Néu dat A = [a;j] 12 ma tran hé s6 ctia hé va b = [b1by...by]" 12 ma tran cot vé phai,
x = [x1X2...%,]" 12 ma tran 4n thi ta c6 dang ma tran ctia hé dugdc viét don gidn nhu sau

Ax =b

4.2 Hé Cramer

DPinh nghia 2.20. Hé 2.3 goi Ia hé Cramer néum = n vadet A # 0

Pinh ly 2.21 (Pinh ly Cramer). Hé Cramer cé nghiém duy nhat duoc tinh bang céng
thic x = A~ b, tic Ia
det A j

T detA’
trong do A; la ma trdn suy tu A bang cdch thay cot thit j boi cot vé phai b.

Xj

4.3 Dinh ly Kronecker-Capelli
Dinh ly 2.22 (Pinh ly Kronecker-Capelli). Hé 2.3 co nghiém khi va chi khi
r(A) =r(A),
trong dé A la ma tran bé sung titc 1a ma tran A thém cétb, A = [Ab).
Hé qua 2.23. 1. Néur(A) #r(A) thi hé 2.3 v nghiém
2. Néur (A) =r(A) =n thi hé 2.3 c¢6 nghiém duy nhat

3. Néur (A) =r(A) <n thi hé 2.3 cd v6 s6 nghiém
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4.4 Phuong phap Gauss giai hé phuong trinh tuyén
tinh tong quat
B1. Viét ma tran A canh vécto cot b ta dudc ma tran bo sung A.
B2. Ap dung céc phép bién d8i so cAp trén hang dé dua ma tran A vé ma tran bac thang.
B3. Bién luan theo két qua thu dudc.

Bai tap 2.27. Giai cac hé phuong trinh sau:

/

X1 —2xp+x3 =4 (3x1—x2+3x3 =1
a) {2x;+xp—x3 =0 a —4x1+2xy+x3 =3
—xX1+x2+x3 =-1 —2x1+xp+4x3 =4
: [ 10x7 — 5xp —6x3 = —10.
3x1 —=5x, —7x3 =1
b) ¢ x;+2xp+3x3 = (2% +3x) +4x3 =1
\ —2x1+x2+5x3 =2. o) 3x1 —x2 4+ x3 =2

5x14+2x +5x3 =3

(
3x1 —5xp +2x3+4x4 =2
C) §7x; —4x) +x3+3x4y =
5x1 4+ 7xy —4x3—6x4 =3
\

(X1 —4x; —3x3 =1

Ching minh. a) Taco D =7,Dy =7,Dy = —7,D, = 7 nén hé phuong trinh da cho la
hé Cramer nén nghiém (x1, xp,x3) = (1,—1,1)

b) Tuong tu nhu cau a) véi D = 41, D,, = 41,D,, = —41,D,, = 41 va nghiém cta hé la
(x1,x2,x3) = (1,—1,1).
¢) r(A) =2 # r(A) = 3. Hé vo nghiém.
8 5

d) Hé c6 nghiém duy nhat (x1,x2,x3) = (0,5, 3).

e) Hé c6 vo s6 nghiém (x1,%2,x3) = (—7t + %, —10t — %, 11t> v6i t 1a tham sb. [

Bai tap 2.28. Giai cac hé phuong trinh sau bang phuong phap Gauss.

2x1+3x) —x3+ x4+ 3 =0
2) 3x1 —Xp +2x3+4x4 — 8 =0
X1+ x4+ 3x3 —2x4 — 6 =0
[ —x1+2x+3x3+5x,—3 =0.
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(
3x1 —2xp+x3—x4 =0

b) $3x; —2xp —x34+x4 =0
X1 —xp+2x3+5x4 =0.

(2x1—2x2—|—x3—x4+x5 =1
X1+ 2xp — X3 + x4 — 2X5 =
4x1 —10xp +5x3 —bxy +7x5 =
(2x1 — 14xp +7x3 —7x4 + 11x5 = —1.

c)

Huéng dan: Cac phép bién d6i tuong duong trén cac phuong trinh cta hé tuyén tinh
tuong ung véi cac phép bién ddi so cip theo hang trén ma tran A . Hon nita, viéc xéc dinh

tinh c6 nghiém hay v6 nghiém ctia mét hé phuong trinh tuyén tinh theo dinh li Kronecker-

Capelli, doi hoi phai tim hang ctia ma tran A. No6i dung chinh ctia phuong phap Gauss

chinh 13 viéc st dung céc phép bién d6i so cap theo hang d& bién d6i ma tran A vé dang

bac thang, sau d6 dung dinh li Kronecker-Capelli dé xac dinh viéc c6 nghiém va mé ta cac

nghiém ctia hé phuong trinh.

2 3 -1 1| -3 11 3 -2
— -1 2 4 1 -7 ~1
Chiung minh. a) A= 3 8 — ... 0 5 5
1 1 3 -2 6 00 -7 6 —14
-1 2 3 5| 3 00 0 2

Vay r(A) = r(A) = 4. Do d6, hé c6 nghiém duy nhat (xq, x, x3,x4) = (1, —1,2,0).

3 -2 1 -1 1 -1 2 5
b)) A=|13 -2 -1 1 —...—» |10 1 -7 -14
1 -1 2 5 o o0 2 =2
x1 = 14«
A A s A _A R A ~ % Xy = 21w
Vay r(A) = 3 < 4, hé ¢6 v6 s0 nghiém phu thuéc mot tham so o — o
Xy =

-10 5 -5 7 1
-14 7 -7 11 | -1

N &= = DN
o O O -
@)
)
(@)
@)
@)
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Suy ra r(A) = r(A) = 2, nén hé c6 vo s6 nghiém phu thudc 3 tham sb

(

x1:%+2m—4n
x2:%—|—5m—n—|—t

X3 = 2t,
X4 = 2n,
X5 = 6m.

\

Bai tap 2.29. Giai va bién luén cac hé phuong trinh:

( (
ax;+xo+x3+x,=1 X1 —axy +a*x3=a
a) X14+ax)+x3+x4=a c) ax; —a’xy +axz =1
\x1+x2+ax3—|—x4:a2 { axi +xy —a’xz =1

;

(2—a)x1+x2+x3=0
b) ¢ i+ (2—a)x,+x3=0 d
\x1—|—x2—i—(2—a)x3:O

( ax]1+xp+x3=1
X1 +axp +x3 =4
[ X1+ x4 axz =a?

Chiung minh. a) Taco

a1 1 1] 1
A=1|1a 1 1] a
11 a 1| a2

1 1 a 1 a?

— ... 0 a—1 1—a 0 a— a?

0 0 (1-a)a+2) 1—a| (1—a)(a+1)?

(i) Néua # 1,tacé r(A) = r(A) = 3 < 4, hé c6 vo s6 nghiém phu thudc mot tham
xp=t—a-—1

2 Xo=t—a
s
x3 =1
x4 = (1+a)?— (a+2)t
11111
(i) Nbua=1thiA=|0 0 0 0] 0
000070
Ta c¢6 r(A) = r(A) = 1 < 4 nén hé c6 v6 s6 nghiém phu thudc 3 tham sb

(x1/x2/x31x4) = (1 — 00— IB - ,Y’IB’“’,Y)

2—a 1
b) Tacé A= 1 2—a 1 |,detA=(4—a)(l—-a)
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(i) Néu (4 —a)(1 — a)? # 0 thi hé ¢6 nghiém duy nhéat (x1,x2, x3) = (0,0,0).

-2 1 1 1 1 =2
(i) Neua=4thiA=| 1 -2 1 |[—>...—> |0 -3 3
1 1 =2 0 0 O
Vir(A) =2 < 3 nén hé c6 vo s6 nghiém phu thudc vao 1 tham sb (x1,x0,x3) =
(o, 00, 0)
1 11 111
(i) Neua=1thiA=|111|—=]000
111 0 0O
Suy ra r(A) = 1 < 3 nén hé c6 vo s6 nghiém phu thudc vao 2 tham sb:

1 —a a%> | a 1 —a a? a
¢c) Taco6A=| a —a® a4 1| —=...— 10 1442 —2a° 1 —a?
a 1 —-a|1 0 0 a(l1—a?) | 1-4?
X1 =4a
(i) Néua # 0,41 thi r(A) = r(A) = 3 nén hé c6 nghiém duy nhat { x, =1
X3 = %
(1.0 0] 0
(i) Nua=0thiB=| 0 1 0| 1 | nénr(A) =2 #r(A) =3, do d6 hé da cho vo
(000
nghiém.
1 -1 1 |1
(iii)) Nbua=1thiB=| 0 2 -2 0
0O 0 O 0
nén r(A) = r(A) 2 < 3, hé da cho c6 v6 sb6 nghiém phu thudc 1 tham sb

r(A) =
(x1,x0,x3) = (1,0, )

11 1| -1
(iv) Neua=—-1thiB=| 0 2 2 0
000 0
nén r(A) = r(A) = 3, hé da cho c6 vo s6 nghiém phu thudc 1 tham sb
(x1,2x2,x3) = (1, —oc,oc)
d) Taco
a1 1] 1 1 1 a a?
A=|1a 1]l a|—=...>10 a—-1 1—a a— a? =B
11 a| a? 0 0 (1—-a)a+2)| (1—a)(a+1)?
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(i) Néua #1,—2thir(A) = r(A) = 3, hé c6 nghiém duy nhét

—1-a 1 (1+a)2)

(21, %2, %3) = ( a+2 ' a+2" a+2

1 1 -2/ 4

(ii)) Néua= —2thiB= | 0 -3 3 | —6 |,7(A) =2 <3 = r(A), hé da cho vo
0O 0 O 3
nghiém.
1111
(iii) Nbua=1thiB=|{ 0 0 0| 0 |,7(A) =r(A) =1 < 3, hé c6 v6 s6 nghiém
0 00]O0
phu thudc 2 tham s6 (x1,x2,x3) = (1 —a — B, B,«) n

Bai tap 2.80. Tim da thic bac 3 : p(x) = ax® + bx?> + cx + d thod man p(1) = 0,p(—1) =
4,p(2) =5,p(—2) = —15.

Al 7 =7 =13 713
[Pap sola = 3,b= =, c=—5>,d= 7.
1 2 a -1
Bai tap 2.31. Cho phuong trinhmatran | 2 7 22+1 [ X=| 2
39 4a 1

a) Giai phuong trinh khia = 0.

b) Tim a d€ phuong trinh c6 vo s6 nghiém.

—_
—_

120 -1 3 0 -3 -4
Ching minh. a) X=|2 7 1 2 =(-10 % = %
390 1 1 1 -1 0
1 2 a -1 1 2 a -1
b) A=|27 2a+1| 2 |—-...=» |03 1 4
39 4a 1 0 0 a—-1 0
Hé c6 vo s6 nghiém khi va chi khi7(A) =r(A) <3<a—-1=0&a=1 O

Bai tap 2.32. [Olympic Toan hoc Sinh vién Toan québc 2018 - Bang Al

a) Gia st X, A 14 cac ma tran vudng véi hé sb thuc théa man X2 = A. Ching minh ring
AX = XA.
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1 0 1
b) Tim sb cdc ma tran vuéng X véi hé sé thucthéamén X2=A= |0 4 2
0 0 16

[Loi giail
a) Taco XA = X3 = AX.

b) Gia st X = (x;j)3x3. Theo cdu a) ta c6 AX = XA, ta dugc hé phuong trinh cta x;;, rat

gon lai la
X21 =X31 = X3 =x12 =0,
X2 + 6X23 — X33 =0,
X11 + 15x13 — X33 =0.

Két hop véi X2 = A ta dude x%l = 1,x%2 =4, x§3 = 16. T d6 suy ra c6 tat ca 23 = 8
ma tran théa man dé bai.

Bai tap 2.33. [Olympic Toan hoc Sinh vién Toan quéc 2018 -Bang B] Cho ma tran

2 22 3
A= 6 1 1 —4
1 61 —4
116 —4

a) Tinh A%.
b) Chitng minh riéng hai hé phuong trinh sau c6 cung tap hop nghiém trong R?,
Ax=0, (A+A>+A3+AYYx=0.
[Loi giai]
a) At =0.
b) Ax =0= (A4 A% + A3 + A*)x = 0. Ngudc lai, néu (A + A% + A3 + A*)x = 0 thi
(A+ A2+ AHx=0= (I+ A+ A%)Ax =0.

ViA*=0nénl=1-A*= (I-A)(I+ A+ A?) = [+ A+ A% la ma tran kha nghich
= Ax = 0.
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CHUONG 3

KHONG GIAN VECTO.

§1. KHAI NIEM

1.1 Pinh nghia

DPinh nghia 3.1. T4p hop V # @ duodc goi 1a mét khong gian vécto trén R néu no duoc
trang bi hai phép toan gom:

a) Phép cong vecto

+: VXV >V
(a,) = a+p
b) Phéep nhéan veécto voi vo hudng
+: RxV -V
(a,a) — an

thod man cdc tién dé sau:

VD) (a+B)+ry=a+(B+7)

(V2) 30eV:0+a=a4+0=aVa eV
V3) VaeV, I3 cV:ia'+a=a+a =0
(V4) a+B=p+aVa,peV

(V5) (a+b)a =an+baVa,b e R,a €V
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(V6) a(a+B) =an+apVac Ra,p €V
(V7) a(ba) = (ab)aVa,b e R,a € V
(V8) la=a VaeV

Cac phan ti cia V dudc goi 1a cac vécto, cac phan tit cia R dude goi 1a cac vo huéng. Bon
tién dé dau néi rang (V, +) 1a mot nhém abel. Tién dé (V5,6) néi rang phép nhan c6 tinh
phan phéi dbi véi phép cong vécto va cong vo hudng. Tién dé (V8) noéi rang phép nhan da
dudc chuédn hoa.

1.2 Mot so tinh chat ban dau cua khong gian vécto
1.3 Bai tap
Bai tap 3.1. Tap V véi cac phép toan kem theo c¢6 phai la khong gian vécto khong?

a) V={(xv,z2) |x,y,z € R} v6i cac phép toan xac dinh nhu sau

(xy2)+ (Y, 2) = (x+ 5, y+y,z2+7)
k(x,y,2) = (Ik| x, [k y, k| z)
b) V = {x= (x1,x2) |x1 > 0,x0 >0} C R? véi c4c phép toan xac dinh nhu sau:
(x1,%2) + (y1,¥2) = (x1Y1, X2¥2)

k(x1,72) = (xf, 25)

trong d6 k 1a s6 thuc bat ky

Chiing minh. a) V khong phai la mo6t khong gian vécto vi cac phép toan cong va nhan
v6i vo huéng ctia V vi pham tién dé sb 5.

1+ (=D))(xy2) =07 1(xy,2) + (=1)(x,y,2) =2(x,y,2)

b) Tap V da cho la mot khong gian vécto. [
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2. Khoéng gian véctd con 61

§2. KHONG GIAN VECTO CON

2.1 Pinh nghia

DPinh nghia 3.2. Cho V la mét khong gian vécto, W 1a mét tap con ctia V. Néu W cing
vOI hai phép toan thita hudng tir V ciing la mot khéng gian vécto thi W dudc goi la khong
gian vécto con cua V.

2.2 Piéu kién can va du dé W C V 1a khéng gian vécts
con

DPinh 1y 3.3. Tép con khdc rong W C V la khéng gian vécto con ctia V néu va chi néu W
khep kin vdi hai phép toan trén V, nghia la

a+peW, Va,pecWW
ax € W, Vaie R,a e W

2.3 Khong gian con sinh béi mot ho vécto

Dinh nghia 3.4. Cho V la m¢t khong gian vécto. S = {v1,vy,...,v,} 1a mdt ho cac vécto
ctia V. Tap hop tat ca cdc té hop tuyén tinh cia cdc vécto cia S dudc goi I1a bao tuyén tinh
cua S, ki hiéu span(S).

span(S) = {c1v1 + c2v2 + ...cuonlc1, ..., cn € R}

Dinh ly 3.5. W = span(V) la m¢t khong gian vécto con cua V.

2.4 Hé sinh cua mot khong gian vécto

Dinh nghia 3.6. Cho V la mgt khéng gian vécto.S = {v1,vy,...,v,} la mét ho cac vécto
ctia V. Néuspan(S) = V thi ta noi ho S sinh ra V hay khong gian V sinh bdi ho S.

2.5 Bai tap

Bai tap 3.2. Ching minh cac tap hgp con ctia cac khong gian véc to quen thudc sau la cac
khong gian véc td con ctia chung:

a) Tap E = {(x1,x2,x3) € R¥|2x; —5x, 4+ 3x3 =0}.

b) Tap cac da thiic c6 hé s bac nhat bang 0 (hé sb ctia x) cia KGVT P, [x].
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62 Chuong 3. Khong gian vécto.

¢) Tap cac ma tran tam gidc trén cua tap cac ma tran vudng cap n.
d) Tap cac ma tran d6i xiing ctia tip cac ma tran vudng cap n.
e) Tap cac ma tran phan xiing ctia tip cac ma tran vuéng cap n.
f) Tap cac ham kha vi trong khong gian cac ham s6 x4c dinh trén [a, b).
Bai tap 3.3. Cho Vi, V; 1a hai khéng gian véc té con cia KGVT V. Ching minh:
a) VNV, 1a KGVT con caa V.

b) Cho Vi + V, := {x1 + x |x1 € V1, xp € V, }. Chiing minh V; + V;, 1a KGVT con cia V.
Chiuing minh.

a) () Giasutx,yecViNVy Khidéx,yec Vyvax,ye V, ViVvalV,lacackhong gian
véctoconcia Vnénx+ye Vi, vax+ye V. Vayx+y € VN,

(ii) Tuong tunéux € V; NV, thikx € V4 N Va.

b) () Gidstx,yec Vi+Vo.Khidox =x1+x,y=y1+y2V6ixgy € Vi, x,y2 € V.
Khidéx+y=(x1+x2)+1+y2) =@ +y)+x+ty) e Vi+ V.

(ii) Tuong tu, néu x € V; + V5 thikx € V; + Vs. [

Bai tap 3.4. Cho V;, V; 1a hai khong gian véc to con cia KGVT V. Ta néi V;, V, 1a bu nhau
néu V; +V, = V,V; NV, = {0}. Chitng minh réng V;, V, bu nhau khi va chi khi moi véc to
x ctia V ¢6 biéu dién duy nhét duéi dang x = x; + x3, (x1 € Vi, x0 € V3).

Chiing minh. Vi V = Vj + V; cho nén méi vécts x € V c6 biéu dién x = x1 + xp(x1 €
Vi,x3 € V3). Ta chi can ching minh biéu dién nay la duy nhét, that vay, gia s
x = x1+x = x]+ x5 v6i x1,x] € Vi,x0,x5 € V5. Khi d6 ta c6 x; — x] = x5 — xp.
Nhung vi V3, V; la cac khong gian vécto con cia V nén x; —x} € V4,1, —x2 € V1. Do
d6 x; — x) = xh —xp € Vi N Vo = {0} Vay x; = x], xo = x} va ta ¢6 biéu dién da cho la
duy nhét.

Néu moi véc to x ctia V c6 biéu dién duy nhat dudi dang x = x; +xo, (x1 € Vi, x5 € Vo)
thi duong nhién V = V; + V5. Ta chi can ching minh V; NV, = {0}. That vay, gia st
x € V1N V,, khi d6

x=_0 + x = x + 0
o N N S
% Q% % eV,
Vi tinh duy nhét ctia biéu dién nén x = 0, hay V; NV, = {0}. n
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2. Khoéng gian véctd con 63

Bai tap 3.5. Cho V 1a KGVT cac ham s6 x4c dinh trén [4,b] . Dat
Vi={f(x) eV |f(x) = f(=x),Vx € [a,b]},Va = {f(x) € V [f(x) = —f(—x),Vx € [a,b] }
Chtung minh V3, V; 1a bu nhau.

Chitng minh. Puong nhién V; NV, = {0} (chi y rang vécto 0 6 day 1a ham s6 dong nhét
bang 0 trén [a,b]). Mt khac v6i mdi ham sbé f(x) x4c dinh trén [a, b] bat ki, dit

g(x) — f(x) +2f(_x),h(x) — 5

thi g(x) € Vi, h(x) € Vo va f(x) = g(x) + h(x), nghiala V = V| + V5. Ta c6 diéu phai ching
minh. m
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64 Chuong 3. Khong gian vécto.

§3. CO SO VA TOA PO

3.1 Péc lap tuyén tinh va phu thudc tuyén tinh
Pinh nghia 3.7 (Poc lap tuyén tinh va phu thudc tuyén tinh).
a) Hé (xy,...,a,) dudc goi Ia doc 1ap tuyén tinh néu hé thiic
a10q + aroo + ... aze, =0
chi xayra khia; =a, = ... =a, =0.

b) Hé («1,...,a,) dudc goi Ia phu thudc tuyén tinh néu né khéng déc Iap tuyén tinh.

3.2 Co sé va s6 chiéu cua khong gian vécto

DPinh nghia 3.8. Mot hé vécto ciia V duoc goi 1a mét co s ctia V néu méi vécto cia V déu
biéu thi duy nhéat qua hé nay.

Nhu vay méi co sé déu 1a mét hé sinh.

Dinh ly 3.9. Cho hé vécto S = {v1,v,...,v,} cuaV. Khi do S la mét co sé cia V khi va
chi khi no 1a mét hé sinh doc Iap tuyén tinh.

Pinh nghia 3.10. Khéng gian vécto V duoc goi 1a hitu han sinh néu né c¢é mot hé sinh
gom hitu han phan ti.

Dinh ly 3.11. Gid stV # @ la mdt khong gian vécto hitu han sinh. Khi do'V co mét co sé
g6ém hitu han phan tit. Hon nita moi c¢d sé cia V déu co sé phan ti bang nhau.

Trén co s6 dinh 1y trén, ta di dén dinh nghia sau

Pinh nghia 3.12. a) S6 phan tif ciia méi cd s6 ctia khong gian vécto hitu han sinh
V # {0} duoc goi la sb chiéu hay thi nguyén ciia khong gian vécto V, ki hiéu Ia
dimV. Néu V = {0} thi dimV = 0.

b) Néu V khéng cé mét co sé nao gom hitu han phan tit thi no duoe goi 1a mét khéng
gian vécto vo han chieéu.

DPinh nghia 3.13 (Toa d6). Bj vo hudng (a1, ay,...,a,) xdc dinh bdi diéu kién o = Y a;«;
dugc goi la toa do cua vécto n trong co s (a1, az, ..., 0,)
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3. Co sé va toa db 65

3.3 Bai tap

Bai tap 3.6. Cho V3, V; la hai khong gian véc té con caa KGVT V, {vq,vp, - , vy} 1a hé
sinh caa Vi, {uy,up, - -+ ,u,} 1a hé sinh caa V,. Ching minh {vy, -, vy, uy,up, -+ ,uy} la
hé sinh cua V; + V5.

Chitng minh. Moi x € Vi + Vo tacd x = x1 +x2(x1 € Vi, x0 € V3). Vi {v1,0p,- -+, 04} 12
hé sinh cua Vi, nén x1 = w101 + a0y + ... + O, {11, U2, - - - , Uy} 1la hé sinh cta V, nén
Xp = AMuq + Aqup + ... + Ayuy,. Vay

X = 0101 + 0000 + ...+ QU + Aqup + Aplis + ..o+ Ay,

Vay {v1,- -+ ,0om, u1,up, -+, uy} la hé sinh cta V; + V. n

Bai tap 3.7. Trong KGVT V, cho hé vécto {uy,up, - ,un, 41} 12 phu thude tuyén tinh
va {uy,uz,- -, uy} 1a hé doc 1ap tuyén tinh. Chiing minh u, 1 14 t6 hgp tuyén tinh ctia cac
vécto uq, un, - - -, Uy.

Chiing minh. Vi hé {uy,up, -+ ,uy, 41} phu thudc tuyén tinh nén toén tai rang budc
tuyén tinh khéng tam thuong

Muqg 4+ Agup + ...+ Ayt =0

(i) Néu Apy1 = 0thi Adqug +Apup + ...+ Ayuy = 0. Vi {ug, up, - -+, u, } la hé doc lap tuyén
tinh nén tit rang budc tyén tinh trén ta suyraA\; = A, = ... = A,, = 0. Piéu nay mau
thuan véi A1, Ay, ..., A, khong dong thoi bang 0.

(i) Vay A,1 # 0. Khi d6

1
)\n+1

Upyl = — (/\1111 + Aoy + ...+ Anun)

Bai tap 3.8. Trong R3 xét xem céc hé véc to sau doc 1ap tuyén tinh hay phu thudc tuyén
tinh:

a) v1 = (1,2,3),v2 = (3,6,7).
b) v1 = (4,—2,6),0, = (—6,3,—9).
c) v1 =(2,3,-1),vp =(3,—-1,5),v3 = (—1,3,—4).
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66 Chuong 3. Khong gian vécto.

Ching minh.  a) Xét rang budc tuyén tinh

M+3A =0 \
2 pu—
BA1+7A, =0
Vay hé {vy,v,} doc 1ap tuyén tinh.
b) Tuong tu, hé da cho doc lap tuyén tinh.
¢) Xét rang budc tuyén tinh
2M +3A — A3 =0 A =0
AU+ A0 +A303 =0 $30 — Ay +3A3 =0 S q9A=0
—A +5A —4A3 =0 A3 =0
Vay hé da cho doc lap tuyén tinh. n

Bai tap 3.9. Trong R3, chitng minh v; = (1,1,1),v, = (1,1,2),03 = (1,2,3) lap thanh mot
co s6. Cho x = (6,9,14), tim toa d6 ctia x doi véi co s6 trén.

[Ggi y] Ta da biét dimR3 = 3 nén mubn chiing minh hé {v;,v,,v3} 12 mot co s6 cia R ta
chi can chiing minh né déc lap tuyén tinh hoic 1a hé sinh ctia R3.
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4. S6 chiéu va co sé ciia khéng gian con sinh bdi ho vécto - Hang ctia ho vécto 67

§4. SO CHIEU VA CO SO CUA KHONG GIAN CON SINH BOI
HO VECTO - HANG CUA HO VECTO

4.1 Mo dau
Gia st V la mot khong gian vécto va
S={uy,up, ..., up} CV

Theo dinh 1y 3.5 thi spanS 1a mét khong gian con ctia V. Hay tim s6 chiéu va co sé cta
spans.

4.2 Hang cua mot ho vécto

Dinh nghia 3.14. Xeét ho S = {uy,uy,...,up} C V. Sé vécto doc Iap tuyén tinh téi da co
thé rut ra tir ho S duge goi la hang cta ho S va ki hiéu 1a r(S) hay p(S).

4.3 Cach tinh hang ctia mét ho vécté bang bién ddi so
cap

Bé dé 3.15. Hang ctia ho vécto S bang hang cia ma tran toa do ciia né trong bat ki co sé
nao cua khong gianV .

Theo b dé 3.15 trén, muén tim hang ctia ho vécto S, chi caAn tim ma tran toa d6é caa né
trong mot co s6 bat ki cta V (théng thuong ta chon co sé chinh tic). Sau dé ap dung céc
phép bién d6i so cap trén hang dé dua ma tran da cho vé ma tran bac thang.

4.4 S6 chiéu va co sé cua khong gian con sinh béi ho
vécto

Dinh ly 3.16. Cho V la mét khéong gian vécto va S = {uy,uy,...,upy} la mot ho cdc vécto
ctia V. Khi do dim span(S) = r(S) va moi ho r véctd dc lap tuyén tinh rit tir S déu la mot
co sd cua span(S).

Chu y: C6 thé tim mét co s6 ciia khong gian span(S) theo phuong phap sau, viét cac toa
do cta céac vécto cia S theo hang, sau d6 dung phép bién ddi so cap trén hang dé dua ma
tran da cho vé dang bac thang. Khi d6 mét co s6 ctia span(S) chinh 1a cac vécto c6 toa do
la cac hang khac khong ciia ma tran bac thang thu dudc.
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68 Chuong 3. Khong gian vécto.

4.5 Bai tap
Bai tap 3.10. Tim co s6 va sb chiéu ctia KGVT sinh bdi hé véc to sau:
a) v = (2,1,3,4),v, = (1,2,0,1),v3 = (—1,1,-3,0) trong R*.

b) v; = (2,0,1,3,—1),v, = (1,1,0,—1,1),v3 = (0,—2,1,5, =3),v4 = (1,-3,2,9, —5) trong
RO.

Chiuing minh. a) Taco

2 1 3 4\2H,—H; (2 1 3 4 . 21 3 4
A=|[1 2 0 1 — 0 3 -3 -2|Hs—H|[0 3 -3 -2
-11 -3 0/ 2H3+H; \0O 3 -3 4 00 0 6

Vay r ({v1,v2,v3}) = 3 nén sb chiéu cta khong gian vécts sinh bdi hé vécto da cho 1a
3, va mot cd s6 cua né chinh la {vy, v, v3} hoac {(2,1,3,4),(0,3,-3,2),(0,0,0,6)}.

b) Tuong tu
2 01 3 -1 2 0 1 3 -1
1 1 0 -1 1 0 -2 -1 -5 3
A= — ... —
0 -2 1 -3 0O 0 0 0 O
1 32 9 -5 0O 0 0 0 O

Vay sb chiéu ctia khéng gian vécts sinh béi hé vécts da cho 14 2 va mét ¢ s6 ctia né
la {(2,0,1,3,-1),(0,—2,-1,-5,3)}. |
Bai tap 3.11. Trong R* cho céc véc to:
01 = (1,0,1,0),0, = (0,1,—1,1),v3 = (1,1,1,2),v4 = (0,0,1,1).

bat Vi = span(vy,v2), Vo = span(vs, v4).
Tim co s6 va sb chiéu ctia cac KGVT Vy + V,, Vi N Vs.

Chitng minh. Cha ¥ rang néu V; = span(vy,v;), Vo = span(vs, v4) thi

Vi+V, = span(vl, 02,03,’04).

10 1 O 10 1 0
01 —-11 01 -1 1
11 2 00 1 1
00 1 00 0 O
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Vay dim(V; + V,) = 3 va mét c6 s6 caa né 1a {(1,0,1,0),(0,1,—1,1),(0,0,1,1)}.
Giasttx € Vi N Vs thix = x101 + X002 = x303 + x404. Tt déng thic X101 + X207 = X303 + X404
dan chung ta t6i hé phuong trinh sau:

;

X1 — X3 =0
X2 — X3 =0
|
X1 — Xp — X3 — X4 =0
(X2 —2x3 — X4 =0

Giai hé phuong trinh trén bing phuong phap Gauss ta thiy hé phuong trinh trén cé v6
s6 nghiém (x1,%2,x3,x4) = (t,t,t,—1),t € R. Vay x = xqv1 + xp0p = t(v1 +v2) = £(1,1,0,1).
Vay dim(V; NV;,) =1 vamot co sé caand la {(1,1,0,1)}.

Chuy:

dim(V; + V,) = dimV; 4+ dimV, — dim (V3 N V)

Bai tap 3.12. Cho KGVT P; [x] tim hang ctia hé véc to sau: v; = 1 +x% + 13, 0p = x —x2 +
2x3, 03 =2+ x+3x3, 4 = =1+ x — x% + 2x3.

Chiing minh. Nhan xét ring hang cta hé vécts bang hang clia ma tran toa d6 cia né
trong bat ki co s6 nao cia khong gian V nén

1 0 1 1 10 1 1

0O 1 -1 2 01 -1 2
A= —_— .. —

2 1 0 3 00 -1 -1

-1 1 -1 2 00 O 0

Vay hang ctia ho vécto trén bang 3 va méot co s6 cia khong gian vécts sinh béi né la
{1+x2+23,x — 2%+ 223, —x% — x3}. n

Bai tap 3.13. Xét tinh chat doc lap tuyén tinh, phu thudc tuyén tinh, tim hang cta céc
hé véc to sau trong khong gian cac ham s6 lién tuc trén R:

a) 1,2sin? x,3 cos? x.

b) 1,sin2x,sin3x.

©) 1+x2 (1+x)%, (24 x)2
d) e, e, 1+e%,2+e "

Ching minh. a) Heé vécto da cho phu thudc tuyén tinh vi c6 mét rang budc khong tam
thuong
1-— 1 <2sin2x) — 1 (3coszx) =0
2’ 3 B
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70 Chuong 3. Khong gian vécto.

b) Gia sit c¢6 rang budc tuyén tinh A1.1 4+ Ap.sin2x + A3.sin3x = 0. Chd ¥ rang vécto
khéng ctia khong gian C(R) cac ham s6 lién tuc trén R 12 ham s6 dong nhét bang 0
nén:

(i) Cho x = 0thi Ay = 0. Vay ta ¢6 A,.sin2x + A3.sin3x = 0.
(ii) Cho x = 7 thi A; = 0. Vay ta c6 A3.sin3x = 0.
(iii) Cho x = 7 thi A3 = 0.

Vay hé vécto da cho doc lap tuyén tinh.
¢) Heé vécto da cho doc 1ap tuyén tinh

d) Hé vécto da cho doc lap tuyén tinh [

Bai tap 3.14. Tim co sé va sb chiéu ctia khong gian nghiém ctia hé phuong trinh thuan
nhat sau:
X1 —Xp+2x3+2x4 —x5 =0

X1 —2xp +3x3 — x4 +5x5 =0
2x1+ x4+ x3+x4+3x5 =0

3x1 —xp —2x3 — x4 +x5 =0

Pinh 1y 3.17. Néu A la mét ma tran cém x n thi s6 chiéu ciia khong gian nghiém ciia hé
phuong trinh thuan nhat Ax = 0 bang n trir di hang ciia A.
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§5. BAI TOAN POI CO SO

5.1 Dt vin dé
Trong khéng gian vécto n chiéu V gia sit c¢6 hai co s6
B=(eer...,en) vaB' = (e}, e5,...,¢))

Ki hiéu [v]z = [01,02,...,v,]" 12 toa d6 cot clia vécto v € V trong co s6 B. Hay tim méi lién
hé gita [v]|g va [v]z

5.2 Ma tran chuyén
Dinh nghia 3.18. Néu ton tai ma tran P thod man

[v]g = Plv]g vdi méiv €V
thi ma tran P duoc goi 1a ma tran chuyén co s6 tir B sang B'.

Bé dé 3.19. Vdi mdi cdp co sé B va B’ ctia V thi ma tran chuyén co sé tir B sang B’ ton tai
duy nhat va dudc xac dinh theo cong thiic

DPinh 1y 3.20. Néu P la ma tran chuyén co s tir co s6 B sang cd s6 B’ thi
(a) P kha dzo (tic Ia P khong suy bién, detP # 0)

(b) P! Ia ma tran chuyén co sé tir B’ sang co sé B

5.3 Bai tap

Bai tap 3.15. Trong P; [x] cho cac véc to v; = 1,05 = 1+ x,03 = x + x%, 04 = % + x>
a) Ching minh B = {v1,v;,v3,v4} 1a mot co sé caa P; [x].
b) Tim toa dd clia véc t6 v = 2 + 3x — x> + 2x3 dbi véi co sd trén.
¢) Tim toa dd ctia véc to v = ay + a1x + axx2 + azx> d6i véi co s6 trén.

Bai tap 3.16. Cho KGVT P; [x] véi cd s8 chinh tc E = {1,x,x2,x%} va ¢6 sé khac B =
{1,a+x, (a+x)?, (a+ x)%}. Tim ma tran chuyén co sé tit E sang B va ngudc lai tit B sang
E. Tt d6 tim toa do ca véc to v = 2 + 2x — x2 + 3x3 dbi véi co s6 B.
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CHUONG 4

ANH XA TUYEN TiNH

§1. ANH XA TUYEN TINH

1.1 Khai niém
Dinh nghia 4.1. AnhxaT:V — W tir khéng gian vécto V tdi khong gian vécto W dude
goi 1a dnh xa tuyén tinh néu
@) T(u+v)=T(u)+T(v),Vu,veV
(1) T(ku) =kT(u),Vk e R,u eV
Mot sb tinh chat ban dau ctia 4nh xa tuyén tinh:

Pinh 1y 4.2. Cho T : V — W la 4nh xa tuyén tinh tir khong gian vécto V tdi khong gian
vécto W. Khi do

a) T(0) =0.
b) T(—v) = —T(v),Vov e V.

¢) T(u—v)=T(u)—T(v),Vu,veV.

1.2 Bai tap

Bai tap 4.1. Cho V 1a KGVT, V* = Hom(V,R) = {f : V — R, f 1a 4nh xa tuyén tinh}.

e A ) 1néui=j
Gia stt V c6 cd s6 {ey, e, ..., en ;. Xét tap hop {f1, f2, ..., fu} trong d6 fi(e;) = )
Onéui#j

Ching minh {fi, f2, ..., fu} 1& co s6 ctia V*, dudc goi la co s6 ddi ngau tng véi {e1, ey, ..., en}.
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74 Chuong 4. Anh xa tuyén tinh

Chitng minh. Mubn chiing minh {fi, f2, ..., f,} 12 mét co s6 ctia V*, ta s& chiing minh né la
mot hé sinh ctia V* va ddc lap tuyén tinh.

1. Chitng minh {fi, fo, ..., fn } 12 mot hé vécto doc lap tuyén tinh.
Gia st ¢6 rang budc tuyén tinh
)\1f1 —|—)L2f2—|—...—|—)\nfn =0 (1)

Téc dong hai vé 1én vécto e; ta dudc

Mfier) +Azfa(er) + ...+ Anfu(er) =0 (2)

Theo dinh nghia thi fi(e;) = 1, fa(e1) = 0,..., fu(e1) = 0 nén tu (2) suy ra A; = 0.
Tuong tu nhu vay, néu tdc dong hai vé ctia (1) 1én e, ta dudc A, = 0, .. ., tac dong hai
vé ctia (1) 1én e, ta dudc A, = 0. VAy A; = Ay = ... = A, = 0, hé vécto da cho doc lap
tuyén tinh.

2. Ching minh {fj, f2, ..., fu} 1a hé sinh ctaa V*.
Gia stt f € V*,khi d6 f(e1), f(e2), ..., f(en) 12 cac s6 thuc x4c dinh. Ta sé& chtiing minh

f=flenfit flefot ...+ flen)fo

That vay, v6i mbi x € V,x = Aje; + Ayep + ... + Aye, thi

f(x) = Af(er) + Aaf(e2) + ...+ Anf(en)

Mat khac

[flen)fi+ fle2) fa+ ...+ flen) fu] (x)
=[f(er)fi+ flex)fo+ ...+ f(en) fu] (Me1 4+ Apexr + ...+ Ayen)
= ”21 )\if(ej)fj(ez')

ij=

n

= Y Aif(e)

i=j=1

=f(x)
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2. Hat nhén va dnh clia dnh xa tuyén tinh 75

§2. HAT NHAN VA ANH CUA ANH XA TUYEN TINH

DPinh nghia4.3. Cho T : V — W la mét 4nh xa tuyén tinh tir khéng gian vécto V téi
khong gian vecto W. Khi do

Ker(T) := {x|x € V,T(x) = 0}
duoc goi la hat nhan cua T.
Im(T) :={ylye W,3x € V,T(x) =y} = {T(x)|x € V}

duoc goi la anh cua T.

2.1 Cac tinh chat ctia hat nhan va anh
Dinh ly 4.4. ChoT : V — W la mét anh xa tuyén tinh. Khi do
(i) Ker(T) la mét khong gian vécto con cua V.
(i1) Im(T) la mét khong gian vécto con cua W.

B6 dé 4.5. ChoT : V — W 1a mét dnh xa tuyén tinh tir khéng gian vécto V tdi khéng gian
vecto W va B = {ey,ez,...,e,} la mét co sé cua V. Khi do

Im(T) = span{f(e1), f(e2), -, f(en)}-

N6i cach khac, muén tim sb chiéu va mot co s6 ctia khong gian anh Im(T), ta di tim sb
chidu va mét co s6 ctia khong gian con sinh béi ho véctos {f(e1), f(e2),..., f(en)}, xem muc
4.4 va Pinh ly 3.16.

2.2 Hang cua anh xa tuyén tinh - Dinh 1y vé s6 chiéu

Pinh nghia 4.6. Néu T : V — W la mét 4nh xa tuyén tinh thi sé chiéu ciia khong gian
Im(T) dugc goi la hang cia T, ki hiéu la rank(T):

rank(T) = dimIm(T)

Pinh 1y 4.7 (Pinh ly vé s6 chiéu). Néu T : V — W la mét anh xa tuyén tinh tir khéng
gian vécton chiéu V tdi khong gian W thi

n =dimV = dimIm(T) + dimKer(T)

hay
n = dimV = dimrank(T) + dimKer(T)
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76 Chuong 4. Anh xa tuyén tinh

2.3 Bai tap

Bai tap 4.2. Cho anh xa f : R — RR? x4c dinh béi cong thic f(x1,xp,x3) = (3x1 + x2 —
X3,2x1 + X3).

a) Chiung minh f 14 anh xa tuyén tinh.
b) Tim ma tran caa f d6i véi cap co sé chinh tac.

¢) Tim mot co sé ciia Kerf.

Chinng minh.  c¢) Theo dinh nghia Kerf = {(x1,x2,x3) € R3|f(x1,x2,x3) = 0} nén Kerf
chinh 14 khong gian nghiém cia hé phuong trinh tuyén tinh thuan nhat

{3x1+x2x3 =0 “.1)
2x1 + x3 =0,
x1 bat ki
Hé phuong trinh trén cé vo sb nghiém véi x3 = —2x1
Xy = —bxy.
Vay dimKerf = 1 va mét cd s6 cia né la (1, -5, —2). ]

Bai tap 4.3. Cho f: V — W la mét anh xa tuyén tinh. Chiing minh réng
a) f la don anh khi va chi khi Kerf = {0}.
b) f la toan anh khi va chi khi Im f = W.

Chiuing minh.  a) [=|Gia thiét f 1a don 4nh. Néu x € Kerf thi f(x) = 0 = £(0). Do f don
anh nén x = 0 hay Kerf = {0}.
[=]Giastico f(x1) = f(x2),khido f(x; —xp) = 0nén x; — x, € Kerf hay x; —xp = 0.
Vay x; = x, va theo dinh nghia f la don anh.

b) Mot hé qua truc tiép cta khai niém toan anh. [
Bai tap 4.4. Cho V, V' 12 2 KGVT n chiéu va f : V — V' 1a 4nh xa tuyén tinh. Ching
minh c4c khang dinh sau tuong duong:

a) f la don anh. b) f la toan anh. c) f la song anh.
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2. Hat nhén va dnh clia dnh xa tuyén tinh 77

Chitng minh. Thuc chét chi can chiing minh a) = b) va b) = a).

a) = b)

Theo dinh Iy vé s6 chiéu 4.7

n = dimIm f + dimKer f (1)

Do f la don anh nén theo bai tap 4.3 ta c6 Kerf = {0}, hay dimKerf =0 = dimIm f = n.
Mait khac Im f 1a mét khéng gian vécto con cia V' va dimV’ = n nén Im f = V' hay f la

toan anh.

b) = a)

Ngudc lai, néu f 1a toan anh thi Imf = V/ = dimIm f = n. Tu (1) ta suy ra

dimKerf = 0 hay Kerf = {0}, ttc f 1a don anh. n
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§3. MA TRAN CUA ANH XA TUYEN TiNH

3.1 Khai niém
Cho T : V — W 1a mét 4nh xa tuyén tinh tit khéng gian vécts n chiéu V téi khéng gian
vécto m chiéu W. Gia st B 1a mot cd s6 ctia V va B’ 1a mét co sé ctia W véi
B={uy,uy,...,uy},B ={v,0,...,0m}

Hay tim méi lién hé giita [T(x)]g (toa dd cot ctia vécto T(x) trong co s6 B) véi [x]5 (toa dd
cua vécto x trong co sé B).

Pinh nghia 4.8. Ma trdn A cdm x n thod man tinh chat
[T(x)]g = A.lx|g, Vx eV

néu ton tai, dudc goi Ia ma tran cia dnh xa tuyén tinh T : V — W déi vdi cdp co sé B trong
V va B’ trong W.

Pinh ly 4.9. Doi vdi méi cap cd s6 B ciia V va B’ ciia W, ma tran ciia 4nh xa tuyén tinh
T :V — W ton tai duy nhat va dudc xac dinh theo cong thiic:

A = ([T, [T(u2)] ., [T(10n)] ]

Dinh ly 4.10 (Ma tran caa anh xa hdp). ChoU,V, W la cac khong gian véc td, dimU =
p,dimV = n,dimW = m va cdc 4nh xa tuyén tinh

udviw.

1) g co ma trdn la B trong cap cd s6 By, B, cual va 'V,
ii) f co ma tran la A trong cap co sé By, Bz cuaV vaW.
Khi do, f o g co ma tran la AB trong cap co s6 B1, B3 cual va W.

Y nghia cua ma tran cua anh xa tuyén tinh:

Tinh truc tiép
_—

X T(x)
| [@
[X]B Nhéan A[x]|g T(x)] /

Tinh gi4n tiép (2)

Theo so d6 nay, khi da biét x € V, mudn tinh T(x) c6 hai cach: cach thi nhat 1a tinh truc
tiép, cach thi hai 14 tinh gian tiép qua 3 budc:
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3. Ma trén cia dnh xa tuyén tinh 79

1. Tim ma tran toa do [x|z.
2. Tinh [T(X)]B/ = [T(X)]B/.
3. Tu [T(x)]s ta suy ra T(x).

C6 hai ly do dé thay tam quan trong ctia cach tinh gian tiép. Thi nhat 1a né cung cap mot
phuong tién dé tinh toan cac anh xa tuyén tinh trén may tinh dién tt. Thi hai la chiung
ta c6 thé chon cac cd s B va B’ sao cho ma tran A cang don gian cang tot. Khi d6 c6 thé
cung cip nhitng thong tin quan trong vé anh xa tuyén tinh.

Ménh dé 4.11. Cho A 14 ma tran ctia dnh xa tuyén tinh f:V — W trong bat ki cap co s6
nao. Khi do,
rank(f) = rank(A).
Hé qua 4.12 (Cubi ki, K61). Néu A, B la cdc ma tran vuéng cap n > 1 thi
rank(A + B) < rank(A) + rank(B).

Chung minh. Gia st A la ma tran cua toan tt f : V — V va B la ma tran cta toan tu
gV — V trong cung mot co s nao dé cia khong gian véc to V. Khi do,

Im(f+g) CImf+Img.

That vay, néu u € Im(f +¢) thitén tai v € Vsaochou = (f +¢)(v) = f(v) +g(v) = u €
Im f +Im g. Do do,

rank(f 4+ ¢) = dimIm(f + ¢) < dim(Im f +Img) < dimIm f + dimIm g. -

Mot cach tuong duong,
rank(A + B) < rank(A) + rank(B).

Hé qua 4.13 (Pinh ly Sylvester). Cho A la ma tran kich thudc m x n, B la ma tran kich
thuden x p. Ching minh rank(AB) < min {rank A, rank B}.

Chung minh. Gia st U, V, W la cac khong gian véc to, dimU = p,dimV = n,dimW = m
va cac anh xa tuyén tinh
u=-v-sw

thoa man
1) ¢ c6 ma tran la B trong cap co s6 By, By caa U va V,

ii) f c6 ma tran la A trong cap cd sé By, B3 cia V va W.
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Ta co
1) Im(f o g) C Im f. That vay, néu u € Im(f o g) thi ton tai v € U sao cho
u=(fog)(v) =u=f(g(v)) €Imf.
Vay

rank(AB) = rank(f o g) = dimIm(fog) < dimIm f = rank f = rank A.

2) Kerg C Ker(f o g). That vay, ta cé
veKerg=g(v)=0= f(g(v)) =0= v ecKer(fog).
Do d6, dimKerg < dimKer(f o g). Mét khac, theo dinh Iy vé sb chiéu
p = dimU = dimIm g + dimKerg = dimIm(f o g) 4+ dimKer(f o g).
Piéu nay dan dén
rank(AB) = rank(f o g) = dimIm(f o g) < dimIg¢ = rank ¢ = rank B. -

Tém lai ta c6 rank(AB) < rank A, rank AB < rank B dan dén diéu phai chiing minh.

Hé qua 4.14 (Bt dang thiic Frobenius).
rank(AB) + rank(BC) < rank B + rank(ABC),
vdi cdc ma tran A, B, C bat ki sao cho cdc phép nhan ma tran trén co nghia.
Chitng minh. Gia st U, V,W, Z la cac khong gian véc t6 va cac anh xa tuyén tinh
ubviwz,
6 do
1) fcomatranla A,

ii) g c6 ma tran la B,

1ii) 7 co ma tran la C
trong cac cip cd sé tuong ing cla cac khong gian véc to trén. Trude hét,

X=Im(goh) CImg=Y CW.

Xét cdc anh xahanché f|x: X — Z, fly:Y — Z.Tacé
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3. Ma trén cia dnh xa tuyén tinh 81

1) Vi X C Y nén Kerf|x C Kerf|y. That vy, néu v € Kerf|x thi f|x(v) = 0= fly(v) =
0. Do do, dimKerf|x < dimKerf|y.

2) Theo dinh 1y vé s6 chiéu,
dimIm(goh) = dimX = dimIm f|x + dimKerf|x = dimIm(f o g o k) + dimKerf|x.
va
dimIm g = dimY = dimIm f|y + dimKerf|y = dimIm(f o g) + dimKerf|y.
B4t déng thitc dimKerf|yx < dimKerf|y tuong duong véi
dimIm(goh) —dimIm(fogoh) < dimImg — dimIm(fog)

<dimIm(fog)+dimIm(goh) < dimImg +dimIm(fogoh) ]
< rank(AB) + rank(BC) < rank B + rank(ABC).

Hé qua 4.15 (Bat dang thitc Sylvester). Cho A € Myyxy, B € My . Khi do
rank A + rank B < n 4 rank(AB),
Chiing minh. Ap dung bat déng thic Frobenius ta c6
rank(AI,) + rank(I,B) < rank I, + rank(AI,B) < rank A + rank B < n + rank(AB),
v6i I, 12 ma tran don vi cap n. [
Hé qua 4.16. i) Néu A la mot ma tran thuc thi
rank(A) = rank(AT) = rank(AAT) = rank(AT A).
i1) Néu A la mét ma tran phic, dit A* = (A)T, tic 1a 14y lién hop réi chuyén vi ciia ma
tran A. Khi do
rank(A) = rank(AT) = rank(A) = rank(A*) = rank(AA*) = rank(A*A).

Chiuing minh. Ta chiing minh cho truong hdp A la ma tran thuc, truong hop A la ma tran
phiic dude chitng minh hoan toan tuong tu. Theo Dinh Iy Sylvester, rank(ATA) < rank A.
Do d6, chi can chiing minh rank A < rank(ATA). Coi A va ATA nhu la c4c phép bién ddi
tuyén tinh trén R”. Néu x € Ker(AT A) thi

ATAx =0= xTATAx = 0= (Ax)T(Ax) =0 = |Ax|* = 0= Ax = 0 = x € KerA.
Vay Ker(ATA) C KerA. Theo dinh Iy vé sb chiéu
n = dimIm A + dimKerA = dimIm(ATA) 4 dimKer(AT A)

dan dén diéu phai ching minh. »
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3.2 Ma tran cua anh xa tuyén tinh théng qua phép déi
CO SO

Pinh nghia 4.17 (Ma tran dﬁng dang). Gis sit A va B la hai ma tran vuéng cung cap
n. Ta noi B dong dang vdi A, ki hiéu B ~ A néu tén tai mét ma tran khéng suy bién P sao
cho

B=PlAP

Pinh 1y 4.18. Gid sit T : V — V la mét todn tir tuyén tinh trong khéng gian hitu han
chiéu V. Néu A Ia ma tran cia T trong co sé B va A' 1a ma tran cia T doi vdi co sé B’ thi

A’ =P 1Bp

trong do P la ma tran chuyén co sé tir B sang BB'.

3.3 Bai tap

Bai tap 4.5. Cho 4nh xa f : R?> — R* xac dinh béi cong thic f(xq, xp,x3) = (x1 + x2, X2 +
X3, X3 + X1, X1 + X2 + X3)

a) Chung minh f la 4nh xa tuyén tinh.
b) Tim ma trén cua f dbi véi cép co s6 chinh tac.
Bai tap 4.6. Cho anh xa dao ham D : P, [x] — P, [x] x4c dinh béi
D(ag+ ayx + apx® + - - - + ayx") = ay +2aox + - - - + na,x" !
a) Chitng minh D 1a 4nh xa tuyén tinh.
b) Tim ma tran ctia D d6i véi co s6 chinh tic E = {1,x,x2,--- ,x"}.
c) Xac dinh Kerf va Im f
Bai tap 4.7. Cho d4nh xa f : P, [x] — P4 [x] xac dinh nhu sau: f(p) = p + x%p,Vp € P,,
a) Ching minh f 12 4nh xa tuyén tinh.

b) Tim ma tran cta f déi v6i cdp co sd chinh tdc E; = {1,x,x%} cta P,[x] va E; =
{1,x,x2,x3,x*} cta Py [x].

¢) Tim ma tran cta f d6i v6i cdp co s6 E] = {1+ x,2x,1+x2} clia P [x] va E; =
{1,x,x2,x3,x*} cta Py [x].
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3. Ma trén cia dnh xa tuyén tinh 83

Bai tap 4.8. Xét R? gidng nhu tap céc vécto thong thudng trong mit phang c6 goc 6 gbe
toa d6. Cho f 1a phép quay mot géc «.Tim ma tran ctia f dbi véi co s6 chinh tac ciia R

Bai tap 4.9. Cho anh xa f : M, — M xac dinh nhu sau:

([3)-

a) Chiung minh f 1a anh xa tuyén tinh.

a+b b+c
c+d d+a

b) Tim ma trén cua f d6i véi co s6 chinh tac caa M, :

o fro], o], _Joo] _foo
oo’ oo’ 10" |01

1 3 -1

Baitap4.10. Cho A = | 2 0 5 | la ma tran cta anh xa tuyén tinh f : P, [x] —
6 —2 4

P, [x] d6i v6i co s6 B = {v1,vp,03} trong dé: v; = 3x +3x%,0; = —1+ 3x +2x%,03 =

3+ 7x +2x2.
a) Tim f(v1), f(02), f(v3).
b) Tim f(1+ x2).
Bai tap 4.11. Cho anh xa f : R?* — R® xac dinh béi
f(x1,x2,x3) = (x1 + X2 — x3,X1 — X2 + X3, —X1 + X2 + X3).
Tim ma tran cta f d6i véi co s6 B = {v; = (1,0,0),v, = (1,1,0),v3 = (1,1,1)}.

Bai tap 4.12. Cho A 1a ma tran vudng cip n. Ta xac dinh 4nh xa f4 : M, — M, nhu sau
fa(X) = AX.

a) Chiing minh f4 1a bién déi tuyén tinh.

b) Gia st det A # 0. Chting minh f,4 14 dang cAu tuyén tinh.

c) Cho A = . Tim ma trén cua fu d6i véi co s6 chinh tic caa M, la

10 01 00 00
E, = Ep = JE3 = JE3 =

Bai tap 4.13. Cho A la ma tran kich thudc m x n, B la ma tran kich thuéc n x p. Ching
minh rank(AB) < min {rank A, rank B}, vi rank(A) = hang cia ma tran A.

c
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§4. TRI RIENG VA VECTO RIENG

4.1 Tri riéng va vécto riéng cua ma tran

DPinh nghia 4.19. Gii sit A 12 mét ma tran vuéng cap n. Sé thuc A goi 1a tri riéng ciia A
néu phuong trinh
Ax = Ax,x € R"

co nghiém x = (x1,xp,...,x,) # (0,0,...,0).
DPéE tim tri riéng cia ma tran vuéng A cap n, ta viét Ax = Ax duéi dang phuong trinh
(A=Al)x =0 (4.2)

Pay 12 mot hé phuong trinh thuan nhat, muén cho A 1a tri riéng ca A, diéu kién can va
du 1a hé trén c6 khong tAm thuong, tic

det(A — AI) =0 (4.3)

Dinh nghia 4.20. Phuong trinh 4.31 dugc goi la phuong trinh ddc trung cua ma tran
vuéng A, con da thuc det(A — Al) duoce goi la da thic dac trung cda A.

Nhu vay mudn tim tri riéng cia ma tran A ta chi can lap phuong trinh dic trung va giai
phuong trinh phuong trinh dac trung da cho. Con cac vécto riéng tng vdi tri riéng A chinh
la cac vécto khac khong trong khong gian nghiém ctia hé phuong trinh 4.2. Khong gian
nghiém ctia hé phuong trinh 4.2 dudc goi la khong gian riéng ang vdi tri riéng A.

DPinh 1y 4.21. Cho A, B la cdc ma tran vuéng cap n. Khi do da thiic dic trung ciia AB va
BA la trung nhau.

Chitng minh. Néu A 1a kha nghich thi

IAI — AB| = |A~Y(AI — B)A| = |\ — BA|.
Néu A suy bién thi 0 1a mét gia tri riéng ctia A. Chon m d 16n sao cho Ay = A — %I khong
suy bién v6i moi k > m. (ké tit m d1 16n nao do, %, k > m khong phai la gia tri riéng cta A).

Khi d6 A B va BA c6 cung da thic dic trung. Cho k — co ta ¢6 diéu phai ching minh. =

Hé qua 4.22 (Cubi ki, 20171). Gid sirrang A, B 1a cdc ma tran thue vuéng cap n. Ki hiéu
or(AB) Ia tap cdc gid tri riéng ciia AB. Chiing minh rang or(AB) = or(BA).
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Chiing minh. Vi da thic déc trung cia AB va BA la trung nhau, nén og(AB) = or(BA).
Ngoai cach ching minh trén, Hé qua nay c6 thé dude chitng minh mét cach truc tiép nhu
sau:

Gia st A la mot tri riéng cia AB ng véi véc to riéng X € M, 1. Khi do,

ABX = AX = (BA)BX = A(BX). (4.4)
1) Néu BX # 0 thi phuong trinh (4.4) chiing t6 rang BX 1a mét véc to riéng tng véi tri
riéng A ciia BA. Do do, A € og(BA).
2) Néu BX = 0thitit ABX =AXtac6 AX =0, ma X # 0nén A = 0. Hon nita,
det(AB — 0.I) = det(AB) = det BA = det(BA —0.I) = 0 = A € or(BA).
Trong moi tinh huéng ta déu c6 A € or(AB) = A € or(BA).
Hién nhién, diéu ngudc lai cling ding. »

Vi du 4.1 (Olympic Toan hoc Sinh vién Toan quéc 2018 - Bang A). Mot ma tran duoc
goi Ia duong néu tat cd cac hé sé ciia no déu la cdc sé thue duong.

a) Chitng minh rang méi ma tran duong cap hai déu co hai tri riéng Ia cac sé thuc khac
nhau va tri riéng co gid tri Idn hon Ia mét sé thuc duong.

b) Cho A Ia mét ma tran thuc duong cap hai. Gia sitv = (x) € R? Ia mét véc to riéng
x

itng vdi tri riéng Ion nhat ctia A. Chitng minh rang hai thanh phan x, Yy cuav co cung

dau.

[Loi giai]
a) Pit A — (”

b> v6i a,b,c,d > 0. Pa thic dac trung cua A la
c
P(A) = A* — (a+d)A + (ad — be).

Do d6, A = (a — d)* + 4bc > 0 nén A c6 hai tri riéng thuc phan biét, gia si, 1a A; va
Ay. Hon nita, A} + A, = a+d > 0 nén tri riéng c6 gia tri tuyét d6i 16n nhat phai 1a sb
duong.

b) Goi A 1 tri riéng 16n nhét. Ta c6

~A)x+by =0,
x>:0@ (a—A)x+by

(A—AI)(
y cx+(d—A)y=0.

Néu x va y khong cung diu thi a — A va b cung dau, d — A va ¢ cung dau. Do 6,
a—A>0vad—A>0. Tudésuyrad < =2 Didunay mau thuin véi A 14 tri riéng
16n nhét, vi tong cac tri riéng bang a + d.
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4.2 Tri riéng va vécto riéng cua toan tu tuyén tinh

Pinh nghia 4.23. Gii sitV 1a mot khong gian vécto. So A goi Ia tri riéng ciia ciia todn tir
tuyén tinh T : V — V néu ton tai vécto x # 0 sao cho T(x) = Ax.

Pinh ly 4.24. Gia sit T 1a mét toan tit tuyén tinh trong khong gian vécto hitu han chiéu
V va A la ma tran cia T doi vdi mot co sé nao do B ciia V. Thé thi

1. Nhiing tri riéng cua T la nhiing tri riéng cua A.
2. Veécto x la vecto riéng cua T iing vdi tri riéng A khi va chi khi vécto cdt x| la vécto

riéng cua A ung vdi tri riéng \.

4.3 Chéo hoa ma tran
Dat bai toan:

Bai todn 1: Cho V 1a mét khong gian vécts hitu han chiéu, T : V — V 1a mét toan ti
tuyén tinh. Ta da biét rang ma tran ctia T phu thuéc vao co sé da chon trong V. Héi
c6 ton tai mot co s6 trong V trong V sao cho ma tran cta T d6i véi cd s6 d6 14 ma tran
chéo.

Bai todn 2: (Dang ma tran). Cho A 12 mot ma tran vuong. Héi c¢6 ton tai hay khong mot
ma tran P kha dao sao cho P~! AP 1a mot ma tran chéo.

Pinh nghia 4.25 (Ma tran chéo hoa dwdc). Cho ma tran vuong A. Néu ton tai ma tran
kha dao P sao cho P~'AP 1a mét ma tran chéo thi ta noi ma tran A chéo hod dudc va ma
tran P lam chéo hoa ma tran A.

Dinh ly 4.26. Gii sir A la mét ma tran vuéng cap n. Diéu kién can va di dé A chéo hod
dudc 1a no co n vécto riéng doc Iap tuyén tinh.

Pinh ly 4.27 (Piéu kién cin va du cho su chéo hoa). Tu dong cau f cia khéng gian
véctd n chiéu V chéo hoa duoc néu va chi néu hai diéu kién sau ddy dudc thod man:

(i) Da thic dic trung cua f co du nghiém trong IR:

Pf(X) = (—1)”(X— /\1)51(X_ /\2)52 (X—)\m)s’"

(i) rank(f — Ajidy) = n—s; (vdii = 1,2,...,m), é didy s; la bji cia \; xem nhu nghiém
cua da thiic dac trung.

Hé qua 4.28. Néu ma tran A vudng cap n con tri riéng khac nhau thi A chéo hoa dudc.
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Quy trinh chéo hoa mot ma tran
1. Tim n vécto riéng doc lap cta A:
P1, P2/, Pn
2. Lap ma tran P c6 py, p2, ..., pn la céc cot.
3. Khi d6é ma tran P sé lam chéo hoa ma tran A, hon ntta
P~LAP = diag[Ay, Mg, ..., Ay
trong do A;(i = 1,2,...,n) la céc tri riéng tGng véi vécto riéng p;.
Bd dé 4.29. Néu A, B la cdc ma tran dong dang thi rank(A) = rank(B).
Chuing minh. That vay, gia st B = P~1AP véi P 1a mot ma tran kha nghich. Khi do,
rank(B) = rank(P~'AP) < rank(A).
Mit khac, A = PBP~! nén
rank(A) = rank(PBP!) < rank B.
Do do, rank(A) = rank(B). n

Vi du 4.2 (Olympic Toan hoc Sinh vién Toan quéc 2018 - Bang A). Cho ma tran

2 4 -3
A=14 6 -5
8 12 —-10

Tim s6 nguyén duong N nhé nhat sao cho rank(A*) = rank( A1) véi moik > N.

[Loi giai] Chéo hoa ma tran A ta dudce

01 0
A~B=1[00 0
00 —2
Do do,
0 0
AF~B=[0o0 o
00 (—2)

v6i moi k > 2. Néi riéng, rank(AX) = 1 véi moi k > 2. Vay N = 2.

87



88 Chuong 4. Anh xa tuyén tinh

Vi du 4.3 (Olympic Toan hoc Sinh vién Toan quéc 2018 - Bang A). a) GidsuX, A
la cdc ma tran vuéng vdi hé sé thuc théa man X* = A. Chitng minh rang AX = XA.

1

2

16

b) Tim sé cdc ma tran vuéng X vdi hé sé thuc théa man X? = A =

o O -
S = O

[Loi giai]
a) Taco XA = X3 = AX.

b) Ta c6 det(A — AI) = —(A —1)(A —4)(A — 16). Nhu vay A c6 ba tri riéng phan biét 1a
A =1,A, =4,A3 = 16 nén c6 thé chéo héa A bang ma tran P kha nghich,

10 0
A=P'DP, 4dasD=|0 4 0 | = PX?P!=PAP ' =D.
00 16

Piat Y = PXP~! thi phudng trinh ban dau tré thanh
Y? =D. (4.5)

Theo cau a) ta c6 DY = YD = Y phai la m6t ma tran duong chéo. Goi vy, 2, y3 lan
lugt 1a cac hé sb trén dudng chéo ctia Y. Ta ¢6

(45) e yi =1L,y3 =413 =16 & (y1,v2,y3) = (1, £2,+4).

Phuong trinh (4.5) ¢6 dung 8 nghiém nén phuong trinh ban dau cing cé dung 8
nghiém.

Bai tap 4.14. [Cudi ki, K61] Cho ma tran vuéng A théa min A? = I. Chiing minh rang
A chéo hoéa dudgc.

Ma tran c6 tinh chit A2 = I dudc goi 14 ma tran d6i hgp. Xem thém vé ma tran d6i hop va
ching minh cta Bai tap 4.14 6 Phu luc A3.

Bai tap 4.15. Cho ma tran vuéng A théa man A? = A. Ching minh rang A chéo héa
dudc.

Ma tran c6 tinh chat A2 = A dudc goi 14 ma tran liy dang. Xem thém vé ma tran lily dang
va ching minh caa Bai tap 4.15 6 Phu luc A2.
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4.4 Da thic téi tiéu

DPinh nghia 4.30. Da thiic c6 bac nhé nhat triét tiéu ma tran A va cd hé s6 cao nhat bang
1 dugc goi 1a da thic tdi tiéu cia A.

Chu y 4.31. Da thiic ti tiéu ciia todn tit tuyén tinh dudc dinh nghia bang da thiic téi tiéu
cua ma tran cua no trong mot co sé nao do, va khong phu thudc vao cach chon co s cia
khong gian.

DPinh 1y 4.32. Moi da thiic triét tiéu A déu chia hét cho da thiic téi tiéu ctia no.

Dinh nghia 4.33. Pa thiic p dudc goi la triét tiéu véctov € V ung vdi toan tir tuyén tinh
A:V — V néup(A)v = 0. Da thiic triét tiéu véctd v cé bac nhé nhat va cé hé sé cao nhat
bang 1 dugc goi 1a da thiic toi tiéu cia v.

DPinh 1y 4.34. Vi moi todn tif tuyén tinh A : V — V, ton tai mét véctov € V sao cho da
thiic to1 tiéu cia nd ung vdi A trung vdi da thie toi tiéu cia todn tit A.

DPinh ly 4.35 (Cayley - Hamilton). Moi ma tran déu la nghiém ciia da thiic dic trung

clia no.

Hé qua 4.36. Néu A,B la cdc ma tran vudng cip n dong dang thi da thiic toi tiéu cia
chung la trung nhau.

That vy, gia st B = P~ AP va g4(X), gp(X) 1 c4c da thic tbi tiéu ctia A va B tuong dng.
Khi do,
ga(B) = qa(P~'AP) = P~1ga(A)P = 0.

Do d6, g4(X) chia hét cho g5(X). Tuong tu, ta cé diéu ngudc lai, dan téi diéu phai ching
minh.

Dinh ly 4.37. Vdi moi da thiic bacn,
p(x) =" +a, X" L+ Fajx+ay,

ton tai mét ma tran A € M, (C) sao cho da thiic toi tiéu ciia A 1a p(x).

4.5 Bai tap

Bai tap 4.16. Tim cac gia tri riéng va co s6 khong gian riéng cta cac ma tran:
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90 Chuong 4. Anh xa tuyén tinh

) A 3 0 2 -1 0 [ 4 -5 2
a o
8 —1 oC=|5 -3 3 e) E=|5 -7 3
-1 0 =2 |6 -9 4
100 0
0 10
0 F— 0000
b) B — 10 —9 dD=| -4 4 0 0000
4 -2 21 2 100 1

Bai tap 4.17. Cho anh xa tuyén tinh f : P, [x] — P, [x] x4c dinh nhu sau:
f(ag + ar1x + axx?) = (5a9 + 6a1 4 2a3) — (ag + 8az)x + (ag — 2a5) x>
a) Tim gia tri riéng cua f.
b) Tim cac vécto riéng tng véi cac gia tri riéng tim dudc.

Bai tap 4.18. Tim ma tran P 1am chéo héa A va x4c dinh P~ AP khi d6 véi:

14 12 100

A —
8) —m]7] 9C=]011
011
21 -2
b) B — 1 0 d) D=0 3 1
6 —1 00 3

Bai tap 4.19. Ma tran A c6 dong dang véi ma tran chéo khong? Néu c6 , tim ma tran chéo
do:

-1 4 -2 500 0 00
a) A=| -3 4 0 b)B=|150 c)C=1]000
-3 1 3 015 301

Bai tap 4.20. Cho 4anh xa tuyén tinh f : R® - R3 x4c dinh nhu sau: f(xq,%,x3) =
(2x1 — xp — X3, X1 — X2, —X1 + X2 + 2x3). Hay tim co s6 dé f ¢6 dang chéo.

Bai tap 4.21. Tim c¢d s6 ctia R? dé ma tran cta f : R} — R> c¢6 dang chéo trong dé
fx1,x2,x3) = (2x1 + x2 + X3, X1 + 2Xx2 + X3, X1 + X2 + 2x3)

Bai tap 4.22. Cho f : V — V la bién d6i tuyén tinh. Gid stt f2 = fo f:V — V ¢6 gid tri
riéng A2, Chiing minh mét trong 2 gia tri A hodc —A 1a gia tri riéng cua f.

Bai tap 4.23. Cho D : P, [x] — P, [x] la anh xa dao ham, con g : P, [x] — P, [x] xac dinh
béi g(ag + ayx + axx® + - - - + ayx") = (2x + 3)(ay + 2a2x + - - - + na,x""1). Tim cédc gi4 tri

riéng cua D va g.

90



4. Tri riéng va vécto riéng 91

4.6 Mot so tinh chat sau hon veé tri riéng caa ma tran

Bai tap 4.24. Chiing minh rang cac hé s6 ctia da thic dic trung cia ma tran A c6 thé
dudc mo ta nhu sau:

det(A —AI) = (=A)" 4 c1(=A)" L+ . +cy

trong dé ¢, 1a tong ctia tat ca cac dinh thic con chinh cap k ctia ma tran A. (Mét dinh thic
con dudc goi 1a chinh néu céc chi s6 hang va chi s6 cot cia né trung nhau).

Bai tap 4.25. Gia st A la nghiém bdi p cua da thic dac trung cia ma tran A vuong cap
n.

a. Ching minh réng sb chiéu caa khong gian riéng tng véi gia tri riéng A khéng 16n
hon p.

b. DPat r = rank(A — AI). Chiing minh rang 1 < n —r < p.

Bai tap 4.26. Chiing minh rang c4c gia tri riéng ctia ma tran A~! bang bang nghich dao
ciia cac gia tri riéng cia A (ké ca boi).

Chiung minh.
det(A™1 — AI) = (—A)". det(A™!). det (A — %I) :

Bai tap 4.27. Chiing minh rang céc gid tri riéng ctia ma tran A2 bang bang binh phuong
ciia cac gia tri riéng cia A (ké ca boi).

Chiing minh. Gia st A, Ay, ..., A, 12 c4c gié tri riéng ctia ma tran A (ké ca boi). Khi dé6
det(A—AI) = (A —A)(Aa—A)...(Ay —A)

det(A+AI) = (M + M)A+ A) ... (Ag+A)

Nhén hai vé cta cac dang thic trén véi nhau ta cé
det(A% — A2I) = (A2 — A2)(A5 — A?) ... (A2 = A?)
thay A2 béi A trong dang thiic trén ta cé
det(A%2 —AI) = (A2 = A)(A3—A)... (A2 = Q)
suy ra diéu phai chiing minh. n
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92 Chuong 4. Anh xa tuyén tinh

Bai tap 4.28. Chiing minh rang céc gia tri riéng ctia ma tran A? bang luy thita p cua cac
gid tri riéng ctia A (ké ca boi).

Chiung minh. Tuong tu nhu bai tap trén, goi 1,€1,€,...,€,-1 1a cac can bac p khac nhau

cual (ek:cos”‘Tn—HsinZkT”).Tacé

det(A — A = (A — M)Az —A) ... (Ap — A)
det(A — )\611) = ()\1 — /\61)()\2 — )\61) - (/\n — /\61)

det(A — Aep 1) = (M — Aep_1)(A2 — Aep-1) ... (An — Aep1)
Nhan cac vé ctia p phuong trinh trén véi nhau ta duge
det(A" — API) = (A] = AP)(A5 = AP) ... (A — AP)
Thay A? béi A trong déng thiic trén ta suy ra diéu phai ching minh. n

Bai tap 4.29. Cho A 12 mét ma tran vuéng cap n véi cac phan ti trong mét truong déng
dai s6 K. Goi Ay, Ay, ..., A, 12 céc gia tri riéng (ké ca bdi) ciia ma tran A. Ching minh réng
néu f(X) 1a mot da thiic véi cac hé sb trong K thi

det f(A) = f(A1)f(A2) ... f(An).

Chiing minh. Theo bai ra,

det(A — AI) = ﬁ(m — ).
i=1

Gia stt f(A) = ag IEI (A — i), khidé f(A) = ag ﬁ (A —p;l). Vay
=1 =1

S

det f(A) = ag [ [ det(A — p;I)

=1
= ag ﬁﬁ(/\i — mu;)
j=1i=1 .
T [aoﬁ(/\i —Plj)]
i=1 | =1
S

Dé ban doc c6 thé hinh dung ra y nghia ctia Bai tap 4.29, ching ta xét bai tap sau.
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4. Tri riéng va vécto riéng 93

Bai tap 4.30. Cho A = <; i) . Tinh det(A%8 + A2 + A +1).

[Loi giai] Tc gia tin ring viéc di tinh (A20'8 + A% + A + 1) r6i tinh det(A208 + A2+ A +1)
nhu thuong 16 14 khong tha vi ldm. Thay vi d6, ta di tim cac tri riéng A1, A, ciia A roi thay
vao cong thic det f(A) = f(A1) f(A2).

N Z k
Bai tap 4.31. Ching minh rang néu P4(A) = [] (A; — A)% 1a da thic dac trung cta A thi
i=1
k
da thic déc trung cta f(A) v6i f 1a mot da thicla Py a)(A) = TT (f(Ai — 7))
i=1

Chiing minh. Ap dung bai tap 4.29 v6i ham sb g(x) = f(x) — A, gia stt P4(A) = det(A —
AT) = TT(Ai — A). (k& ca bdi), ta 6
i=1
n

detg(A) = Eg(?\i)

hay

n
Pr(ay(A) = det(f(A) = AL) = [ J(f(A:) = A)
i=1
Bai tap 4.32. Chiing minh rang néu Ay, Ay, ..., A, la céc gia tri riéng clia ma tran A va
f(X) la mot da thic thi f(A1), f(A2),..., f(An) la céc tri riéng cha ma tran f(A).

Chitng minh. La mot hé qua truc tiép cua bai tap 4.31. -

Bai tap 4.33. Ching minh rang néu Ay, Ay, ..., A, 14 cac gid tri riéng clia ma tran A va
f(x) = § 1a mot phan thic hitu ty xéc dinh khi x = A (nghia 1a deth(A) # 0), khi d6
det f(A) = f(M)f(A2) ... f(An) va f(A1), f(A2),..., f(Ay) 1a cac gia tri riéng cha ma tran

f(A).
Chitng minh. Ap dung déng thic det f(A) = —32:2‘2 Ej:i

4.29, 4.31, 4.32. n

va stt dung cac két qua caa bai tap

4.7 Mot ing dung cua phép chéo hoa ma tran
Mot trong nhiing ing dung cta phép chéo héa ma tran la di tinh liy thtta cia ma tran
d6, A”. Ching ta biét réing, néu ma tran P 1am chéo héa ma tran A thi

A e e e M

PilAP: . -2 . . :A:P . -2 . . Pil
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94 Chuong 4. Anh xa tuyén tinh

Do do,
A oo e\ A

An_p . p1_p

Chang han nhu,

Bai tap 4.34. Cho A = o 712) pion an,
: ~12 11

[Loi giai] Ta chia lam cac budc sau.

1) Truéc hét, det(A — AI) =0 < Ay = 20,A, = —5.

2) Ung véi A1 = 20 ta tim dudc mot véc to riéng (xq, ) = (

63 ]/[€8]
Tl
\—/

3) Ung véi A; = —5 ta tim dude mot véc to riéng (x2,12) =
2

4) P = Nvap=rpiar= (2 )
0 -5

5)
A=PBP 1= A" = pp'p~1 = (

SIS IS
SN—

[6;] | [6;]]6V]
Lo
G110 Tl

I Orleo Gl
\_/

|

[y

~

Sl
~
VR

N
c g
—~
Lo
SN—
=
~___—
VR
Uil U1 mlelw

Glw YR Gl
U1lw |
&)1

) ()
:%@ ;L) (28n <—%>"> (Z 3>

1 [ 920" +12.(=5)" —12.20" +12.(-5)"
25\ —1220" +12.(=5)" —16.20"49.(=5)" |

|
i

Bai tap 4.35. Cho day s6 Fibonacci dudce dinh nghia nhu sau: Fy = 0,F; = 1 va F,q =
E, + F,_1 néu n > 1. Chiing minh céng thic Cauchy-Binet sau:

(%) (9]
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4. Tri riéng va vécto riéng

Chitng minh. Cong thic F, .1 = F, + F,_1 dudc viét lai duéi dang ma tran

Foai) (1 1\ [ E
£, )] \10/\E_,/)°
Nén theo céng thiic truy hoi,

Foa) (1 10\ (R (11\"[1
()00 ()= 6)
n
Bai toan da cho dudc dua ve bai toan tinh A" = (1 (1)) . Ta chia thanh cac budc sau.

D det(A—Al) =0 A = 155 1) = 155

2) Ung véi A ta tim dudc véc to riéng (x1>
LA

Il
VR
ey
~_

. A
3) Ung véi A, ta tim dude véc to riéng (x2> = ( 12) .
Y2

4) P = M A2) L paapo (M0 s
1 1 0 A

A=PBP ! = A" = pB"p!
-1
(M A\ (A0 (M Ay
S\ 1) o a1 o1
(M A\ (AT 0 1 —A
S \l1 1 0o M) -1 A

_ i Ail-ﬁ-l . )\;H_l )qz . Ag
VB AT ATt

5) Cubi cung, diéu nay dan dén cong thiic Cauchy-Binet
2 2 '

Fo= 20 -M) = 2

Bai tap 4.36. [Olympic Toan hoc Sinh vién Toan quéc 2018 - Bang A] Ngudi ta khao sat
mot mé hinh di cu dan sb giita hai vung d6 thi va néng thon véi quy luat nhu sau: Hing

nam, c¢6 50% dan s6 vung noéng thon chuyén vé vung do thi va dong thoi c6 25% dan sb

vung d6 thi chuyén vé nong thén sinh séng. Gia st x,y tuong ung la s6 dan vung nong

thén va ving d6 thi & thoi diém ban dau (x,y > 0).
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96 Chuong 4. Anh xa tuyén tinh

a) Hoéi sau k nam dan so0 ctia vung nong thon va doé thi la bao nhiéu?

b) Gia st ban dau sb ngudi séng 6 néng thon va dé thi bang nhau. C6 thé dén mét lac
nao d6 dan sb cta vung d6 thi vudt qua 80% téng sé6 dan caa ca vung khong? Giai
thich.

[Loi giail

a) Gia su xg, yx tuong ung la s6 dan tai cac vung néng thén va thanh thi sau k nam va
X0 = %, = y. Theo gia thiét ta c6 x4 = %xk + %yk, Yks1 = %yk + %xk. Noi cach

khac,
<xk+1 _ % Xk
Yik+1 % Yk
) Ak () sdc A=
Yk Yo

Chéo hoa ma tran A ta dudc

1 11
P1AP = (1) =D, 6d6P=
0 i 2 -1
Do do,

A=pppt= ab=ppipi= (1 1) (! (1)
2 —1)\0 &

Tu do,
(12N, (11 (22N, (21
YT 3 34k)7 KT\3 T 34 37 34k)7
b) Néu y; > 4x thi thay vao phuong trinh trén ta dudgc
10 5 5
(2+E>x+(2—4—k>y<0:>(4+E)x<0$x<0.

Diéu nay trai véi gia thiét. Vay cau tra 16i 1a khong.

NISSEUNTE

Tu do suy ra

NI NI—
NIV RN
\—/

WIIN W=
I W=
Wl
~
I
R
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CHUONG 5

DANG TOAN PHUONG, KHONG GIAN
EUCLIDE

§1. KHAI NIEM

1.1 Pinh nghia

Pinh nghia 5.1. Cho V la mét khong gian vecto trén R. Anh xa ¢p:VxV = R dudc goi
Ia mét dang song tuyén tinh trén V néu no tuyén tinh vdi méi bién khi cé dinh bién con
lai, tuc la:

{ ¢ (hxy +kxa,y) = he (x1,y) + k¢ (x2,y) Vx1,x2,y € V,Vh, k € R
¢ (x,hyr +kya) = he (x,y1) + ko (x,y2) VX, y2,y2 € V,Vh,k € R
Dang song tuyén tinh ¢ duoc goi la doi xiing néu
p(x,y) = @(y,x) vdimoi x,y € V
(bang cdch tuong tu chiing ta co thé dinh nghia duoc mét dang da tuyén tinh trén V).

Pinh nghia 5.2. Gis sit ¢ 12 mot dang song tuyén tinh déi xiing trén V. Khi do dnh xa
H :V — R xac dinh bdi

H(x) = ¢(x,x)
dudc goi 1a mét dang toan phuong trén V iing vdi dang song tuyén tinh déi xing P.

1.2 Phan loai dang toan phuong

Ta noi dang toan phuong ¢(x, x) la
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98 Chuong 5. Dang toan phuong, khong gian Euclide

1. X4c dinh duong néu ¢(x,x) > 0 véi moi x € V,x # 0.

2. Nira xac dinh duong (hay x4c dinh khong 4m) néu ¢(x,x) > 0 véi moi x € V,x # 0.
3. Xac dinh am néu ¢(x,x) < 0 v6i moi x € V,x # 0.

4. Nitta x4c dinh 4m (hay x4c dinh khong duong) néu ¢(x,x) < 0 véi moi x € V,x # 0.

5. Khong xac dinh dau néu ton tai x,y € V sao cho ¢(x,x) < 0,¢(y,y) > 0.

1.3 Dang song tuyén tinh va dang toan phuong trén
khéong gian hitu han chiéu.

Cho ¢ : V;; x V;, = R la mot dang song tuyén tinh, trong d6 V,, 1a mét KGVT c6 s6 chiéu
lan.S = {ey, ez, ...,en} 1a mot co sé caa V,, . Khi dé ta co:

n n
=¢ (inei/ Z]/jej'> Z ¢ el,e] Xiyj = Z ajjxiyj = x]tsA lyls = [y]gA [x]s
=1 =1

i,j=1 i,j=1

Nhu vay ¢ hoan toan xdc dinh béi bd cac gia tri (go(ei,ej))?].zl. Xét ma tran A = [a;] =
[¢ (ei,e)]. Dang song tuyén tinh ¢ déi xiing khi va chi khi A 1a mot ma tran doi xing.

Pinh nghia 5.3. Ma trdn A = [a;] = [¢ (ei,¢j)] duge goi la ma trén cia dang song
tuyén tinh ¢ (hay ma tran cua dang toan phuong H) trong cd sé S, biéu thiic ¢ (x,y) =
[x]5 Alyls = [y]s A [x]s dude goi Ia dang ma tran ctia dang song tuyén tinh ¢ trong cd sé
S.Tuong tu nhu vdy H (x,x) = [x]ts A [x]g dudc goi 1a dang ma tran cua dang toan phuong

H trong co sé S.

1.4 Bai tap

Bai tap 5.1. Cho f 1a dang song tuyén tinh trén khong gian véc to 3 chiéu V ¢6 ma tran

1 -1 0
ddivéicos BlaA=| -2 0 -2 |.Choh:V — V laanh xa tuyén tinh c6 ma tran
3 4 5
-1 1 1
dbivéicosd BlaB= | —3 —4 2 |.Chtng minh anhxa g(x,y) = f (x,h(y)) 1a dang
1 -2 -3

song tuyén tinh trén V. Tim ma tran ctia né d6i véi co s6 B.
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1. Khdi niém 99

Chiing minh. D& ching minh ¢ 1a dang song tuyén tinh ta can ching minh:

8 (hx1 +kxo,y) = hg (x1,y) + kg (x2,y)

8 (v, hy1 +ky2) = hg (x,y1) + kg (%, y2)
, d& kiém tra. Do f la dang song tuyén tinh trén V nén ta c6 f (x,h (y)) = [x]5 A [l (v)]5
v6imoi x,y € V.Honnta h:V — V la anh xa tuyén tinh c6 ma tran d6i véi co s6 B 1a B
nén ta co [h (y)]z = B.[y]z . Tém lai ta co:

g(x,y) = f(x,h(y)) = [xlg ATh (v)]5 = [x]5 A-B. [v]s

v6i moi x,y € V nén ma tran cta né doi véi cd sé B 1a ma tran AB. [
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100 Chuong 5. Dang toan phuong, khong gian Euclide

§2. RUT GON MOT DANG TOAN PHUONG

Dinh nghia 5.4 (Dang chinh tic cua dang toan phuong trén KG n chiéu). Biéu thiic
ctia dang toan phuong trong cd sé S chi chita cac sé6 hang binh phuong

0 X3 4 w3 4. x>
dudc goi 1a dang chinh tic ciia nd trong co sé S. Ma tran cia dang chinh tdc nay 1a ma
tran chéo A = diag[ay, ..., an].

2.1 Phuong phap Lagrange

n Z
Xét dang toan phuong Q (x,x) = Y ajx;xj,a;; = aj;. Gid st a1; # 0, ta nhém cdc so
ij=1
hang c6 chua x1:

Q= (anx% + 2a1px1X2 + ... + 2a1nx1xn> + ...+ annx%

= a% (a11%1 + a12%2 + o + a1n2n) + Q1,
trong d6 Q; khong chia x; ntta. Pat y; = ayjx; +apxy + ... +ayx,,y; = x;,1 = 2,3,...,1,
thi Q = %y% + Qq, trong d6 Q; khong chia y;. Tiép tuc thuc hién qué trinh trén véi Q;
chi con chiia céc bién Y2,Y3, ..., yn nhu véi Q trude. Cua thé, cho dén khi thu dudgc biéu thic
khong chita s6 hang chéo nita.
Néu 1; = 0, ta tim trong cac sb hang ax, ass, ..., 4., xem cé s6 nao khac 0, chang han néu
axe 7 0 thi ta d6i vai tro cia ai cho ay;.
Néu tat ca cac a;; = 0 thi ton tai it nhat mét s6 hang 2a;ix;xj v6i a;; # 0. Luc d6 ta dat:

Xi = Yi+ Y% = Vi~ Yi % = Yok # 4]

thi 2a;;x;x; = 2a;; (yzz — yjz) nghia 1a trong biéu thic cta dang toan phuong da xuat hién
s6 hang binh phuong, tiép tuc lam lai tit dau.

2.2 Phuong phap Jacobi

Dinh ly 5.5 (Jacobi). Dang toan phuong ¢ (x,x) co ma tran trong cd sé nao do cia khong
giann chiéuV 12 ma tran déi xing A. ¢ xdc dinh duong khi va chi khi tat ca cdc dinh thiic
con chinh ctia A déu duong.
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2. Rut gon mét dang toan phuong 101

2.3 Phuong phap chéo hoa truc giao

Phuong phap chéo hoa truc giao sé dudc hoc 6 bai sau, sau khi da nghién ctu khong
gian Euclide. Tuy vay, moét hé qua ctia né sé dudc néu ra ngay sau day dé giup sinh vién
c6 thém mot tiéu chudn d€ kiém tra dau ctia mot dang toan phuong (tat nhién 1a khéng
can dén kién thic vé khong gian Euclide).

Pinh ly 5.6. Dang toan phuong ¢(x,x) : R" — R ¢d ma tran trong cd 56 chinh tdc Ia ma
tran déi xitng A. Khi do ¢ xdc dinh duong khi va chi khi tat cé cdc gid tri riéng cia A déu
duong

2.4 Bai tap

Bai tap 5.2. Trén R® cho cac dang toan phuong w c6é biéu thiic toa do: wi(x1,x2,x3) =
X2 +5x% — 4x3 + 2x1xp — 4x1x3, wa(x1, X2, X3) = x1x2 + 4x1X3 + XoX3, w3 = 5x% 4 2y? + 2% —
oxy + 2xz — 2yz.

a) Bang phuong phap Lagrange, dua dang toan phuong vé dang chinh tic.

b) Xét xem cac dang toan phuong xac dinh dudng, &m khong?

Chiing minh.

wi(x1,%2,%3) = X3+ 5x3 — 4x3 + 2x1x0 — 4x1x3
= x2 +2x1 (x9 — 2x3) + (x2 — 2x3)% + 423 + 4xox3 — 813
= (x1+xp — 29(3,)2 + (2x + X3)2 — 9x§
=i +v3— 93

Suy ra w; khong xac dinh dau.
X1 =Y1—Y2
Doi véi wy, dat { x, = y; +y, ta dude:

X3 =1Y3

w2 = ¥ — Y3 + 5y1y3 — 3y2y3

5 \* 3\
= <y1+§ys) —(yz+§ys) —4y3

=73~ 75473
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102 Chuong 5. Dang toan phuong, khong gian Euclide

Suy ra wy khong xac dinh dau.

w3 = 5x% +2y* + 2% — 6xy + 2xz — 2yz

2
:5 x2+2x _§y+£Z _|_ _gy_i_iz
5 15 5 15

hoac
w3 = 5x% + 2% + 2% — 6xy + 2xz — 2yz
=22 422 (x —y) + (x —y)* + 4x% — dxy + 1
= (z+x—y)*+ (2x—y)?
Suy ra w3 ntta xac dinh dudng. [

Bai tap 5.3. Xac dinh a dé cac dang toan phuong xac dinh duong:
a) 5x7 + x3 + ax3 + 4x1xp — 2x1x3 — 2X2X3.
b) 2x% + x5 + 3x3 + 2ax1x; + 2x1X3.
¢) X3+ x5 + 5x3 + 2ax1x7 — 2x1x3 + 4x0x3.

Chiing minh. Cach 1: St dung phuong phap Lagrange

w = Sx% + x% + ax% 4+ 4x1xy — 2x1X3 — 2X0X3

1 1 1 6 1
5 [x% + 2.5x1 (2x2 — x3) + 7 (2x2 — X3)2:| + gx% — g Yo + (a - 5) X3

1. 2.\ 1
=5 (xl + s%2 — 5x3> + 5 (x% — 2x2.3x3 + 9x§> + (a —2) x5

1. 2 \* 1 ) 5
=5 X1—|—BXQ—gX3 +§(XZ—3JC3) +(ﬂ—2)X3

Vay w xac dinh duong khi va chi khi a > 2.
Cach 2: Stt dung dinh ly Jacobi 5.5

5 2 -1
A= 2 1 -1
-1 -1 a
nén
5 2 -1
5 2
M=[5|=5M=|_ [ |=LA=2 1 -1|=a-2
-1 -1 a
Vay w xac dinh duong khi va chi khi a > 2.
Cach 3: Stt dung dinh ly 5.6 n
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2. Rut gon mét dang toan phuong 103

2.5 Két luan

1. Phuong phap Lagrange dé rit gon mot dang toan phuong la phuong phap kha don
gian vé mat ki thuat bién doi.

2. Phuong phap Jacobi chi ap dung dudc trong truong hgp ma tran A ctua dang toan
phuong c6 tat ca cac dinh thiic con chinh déu khac 0. Tuy nhién trong cac bai toan
bién luan, tim cic tham s6 dé mot dang toan phuong xac dinh duong thi phuong
phap Jacobi lai kha hiéu qua (bai tap 5.3).

3. C6 nhiéu cach khac nhau dé dua mot dang toan phuong vé dang chinh téc, diéu dé
¢6 nghia mot dang toan phuong c6 thé ¢ nhiéu dang chinh tic khéc nhau (trong
nhiing ¢ s6 khac nhau). Tuy nhién ching ta c¢6 dinh luat quan tinh sau: “Khi moét
dang toan phuong duodc dua vé dang chinh tic bang hai cdch khdc nhau (tic la trong
nhiing co sé mdi khdc nhaw) thi sé cdc hé sé duong va sb cdc hé sé6 Gm bang nhau, va
ching lan luot dugc goi la chi sb qudn tinh duong va chi sb qudn tinh dm cia dang
toan phuong da cho”.
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104 Chuong 5. Dang toan phuong, khong gian Euclide

§3. KHONG GIAN EUCLIDE

3.1 Tich vo huéng va khong gian co tich vo hudng

Dinh nghia 5.7. ChoV la m¢t khong gian vectd, mot tich vo hudng trén V la m¢ot anh xa
< ..>:V xV — R thod man cdc tién dé sau:

TVH1: < u,v > xac dinh véi moi u,v € V
TVH2: <u,v >=<0o9,u >

TVHS: <u+o,w>=<u,w>+<ov,w >
TVH4: < ku,v >=k<u,v >

TVH5: < u,u >>0,< u,u >= 0 khi va chi khi u = 0.

Nhan xét: Tich v6 huéng 12 mét dang song tuyén tinh, déi xing, va dang toan phuong
sinh béi n6 xac dinh duong.

Dinh nghia 5.8 (P06 dai caa vectd). Cho V la mét khong gian co tich vé hudng. Khi do
do dai (hay chuédn) ciia vectoa € V la 56 thuc khéng am ||a|| = /< &, & >.

Dinh nghia 5.9 (Khoang cach). Cho V la mot khéong gian co tich vé hudng. Khi do
khoang cdch gitia hai vecto u va v 1a sé thuc khong 4m d(u,v) = |ju — v||.

DPinh nghia 5.10 (Su vuong goc). Hai vectd u va v dugc goi la vudong goc hay truc giao
vdi nhau va duoc ki hiéu la u | v néu

<u,v>=0
Pinh nghia 5.11 (Ho vectd truc giao, truc chuan).

a) Hé vecto (e1,e,...,ec) cua khong gian vecto Euclide E duoc goi la mét hé truc giao
néu cdc vecto ciia hé déi mét vuéng goc vdi nhau, tic Ia

< ejej>=0néui#j

b) Hé vecto (e, e, ..., e;) cua khong gian vectd Euclide E dugc goi Ia mét hé truc chuin
néu nd 1a mét hé truc giao va mai vecto ciia hé déu cé dé dai bang 1, tuc Ia

0néui# j

< €, €j >= (51']' = . ]
1 néui=j
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3. Khong gian Euclide 105

Ménh dé 5.12.
(i) Moi hé truc giao khéng chita vecto 0 déu déc I1ap tuyén tinh.

(ii) Néu hé vecto (eq, e, ..., e) la truc giao va khéng chita vecto 0 thi hé vecto
€1 e

A o G ) Ja mot hé truc chudn.
llexll” [le2|| llex |l T

3.2 Phép truc giao hoa Schmidt

Dinh ly 5.13. Cho V la mét khong gian vecto co tich vo hudng, S = {uq,uy, ..., u, } la mot
ho vecto doc 14p tuyén tinh cia V. Ta co thé thay S bdi ho truc chuan S' = {v1,02,..., 00},
sao cho span {uy,uy, ..., ux} = span{vy,vy,..., vk} vdimoik =1,2,...,n.

Buéc 1: Patv; = 4

([

Budce 2: Dat v, = up + tvg saocho < 73,01 >=0ticlat = — < up,v; >. Sau d6 chon v, =
% Gia st sau k — 1 budc ta da xay dung dugc ho truc chuén S, | = {v1,0, ..., v4_1}
sao cho span {uy, uy, ..., ux_1} = span{vy, vy, ..., vx_1}. Ta thuc hién dén budéc tha k

sau:

Budc k: Dit vy = uy + 1oy + ... + 1941 sao cho < 7y, 0; >=0,j =1,2,..,k —1Tiaclata
c6tj = — < u,vj >,j=1,2,..,k—1. Sau d6 chon v = % Tiép tuc thuc hién dén
khi k = n ta thu duge hé truc chuén S’ = {vy,0,..., 0, }

Nhan xét: Vé mit Iy thuyét, chiing ta vita chuén ho4, vita truc giao cic vects nhu & trén,
tuy nhién trong thuc hanh néu gip phai cac phép toan phic tap khi sau méi bude phai

chuén hoa vécto v, = % , nguoi ta thuong chia lam hai phan: truc giao hé vects S trudc

roi chuén hoa cac vectd sau.

Budée 1: Pat v; = uy

Buéc 2: Pat vy, = uy + tvg saocho < vy, v >=0, thclat = %

Gia stt sau k — 1 budc ta da xay dung dudc ho truc giao S, | = {vy,vs, ..., v4_1} sao
cho span {u1,uy, ..., ux_1} = span {v1,0s, ..., vx_1 }. Ta thuc hién dén buéc thi k sau:

Budc k: Dit vy = uy + t101 + ... + f_10k_1 sao cho < vy, v; >=0,j = 1,2,...,k — 1 Tidc la
% j=1,2,..,k— 1. Tiép tuc thuc hién dén khi k = n ta thu dudc hé
truc giao S’ = {v1, 0y, ..., 0 }.

ta co ti =

Budc n+1: Chuin hoa cdc vects trong hé truc giao S’ = {v1, v, ..., v, } ta thu duge hé truc
chuén can tim.
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106 Chuong 5. Dang toan phuong, khong gian Euclide

3.3 Hinh chiéu ctia mét vectd 1én mét khong gian vecto
con

Pinh nghia 5.14. Gia sitU,V la cac khong gian vecto con cia khong gian Euclide E.

(a) Ta noi vecto « € E vudng goéc (hay truc giao ) vdi U va viét « L U, néuw« L u vdi moi
uel.

(b) Ta noi U vudng géc (hay truc giao ) vdi V va viet U L V, néuu L v vdi moi u €
UuovelV.

Pinh nghia 5.15. Gia sz U la mét khong gian vecto con cia khong gian Fuclide E. Khi
do
Ut ={ax€Ela LU}

duoc goi Ia phan bu truc giao ciia U trong E.
Dé thay rang Ut cling 1a mét khéng gian vecto con cta E.

Dinh ly 5.16. Gia sit U la m¢t khong gian vecto con cia khong gian Euclide E. Khi do voi
moéi vectd x € E déu thira nhan su phan tich duy nhat

x:u—l-uL
trongdou € U vaut- ¢ U .

Dinh nghia 5.17. Vi cac gia thiét nhu trong dinh Iy 5.16 trén, u dudc goi la hinh chiéu
ctia x 1én khéng gian vecto U va ut duoc goi Ia thanh phan cia x truc giao vdi U.

Dinh ly 5.18. Gia sit U la m¢t khong gian vecto con cua khong gian Fuclide E va U co
mot co s6 truc chuan 1a S = {vq,vo,...,v,}. Khi do hinh chiéu ciia vecto x € E bat ki duoc
xdc dinh theo cong thiic

U=<x,01>.01+<Xx,00>.0+...<X,05 > .0y

3.4 Bai tap
Bai tap 5.4. Cho V la khong gian Euclide. Ching minh:
2 2 2 2
a) [lu-+ ol + u—ol* =2 (Jlul®+ o).
b) ulv e ||u+0|* = ||lul]*+ ||, Yu,0 e V.
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3. Khong gian Euclide 107

Chiing minh. a) Taco

lu+o|> =< u+v,u+v>=|ul> +2 <u,0 >+ ||

Ju—o|> =<u—v,u—0v>=|ull* -2 <uo0 >+

-+ ol + lu =0l =2 (Jlul® + o)

Y nghia hinh hoc: Pang thitc hinh binh hanh

A
4¢[ + 8] =2 (4B +[a5)
b)

[+ o) = [[ull® + [lo]* < [|u]* +2 < u,0 > + o]
= ul®+|lo|* < u,v>=0< ulv

Y nghia hinh hoc: Pinh Iy Pitago.

u-+ov

Bai tap 5.5. Gia st V 1la KGVT n chiéu véi co s6 B = {e1,ez,...,en}. V61 u,v la cac véc
tocua Vtacou = ajeg +axep + -+ aney, v = bieg +boer + -+ bye, . Pat < u,v >=
arby + axby + - - - +auby,
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108 Chuong 5. Dang toan phuong, khong gian Euclide

a) Ching minh < u,v > la mét tich vo6 huéng trén V.

b) Ap dung cho truong hop V = R3, véi e; = (1,0,1),eo = (1,1,—1),e3 = (0,1,1) ,u =
(2,-1,-2),v=(2,0,5). Tinh < u,v >.

¢) Ap dung cho truong hop V = P, [x], véi B = {1,x,2?} ,u =2+3x%v=6—3x—3x2
Tinh < u,v >.

d) Ap dung cho trusng hop V = P, [x], v6i B = {1+ x,2x,x — x>}, u = 2+3x%,0 =
6 —3x —3x2. Tinh < u,v >.

Bai tap 5.6. Xét khong gian P; [x]. Kiém tra cdc dang < p,q > sau c6 phai la tich vo
huéng hay khong?

a) <p,q>=p(0)9(0) +p(1)q(1) +p(2)q(2)
b) <p,q>=p(0)4(0) +p(1)q(1) + p(2)9(2) + p(3)4(3)
1
c) < pgq>= /p(x)q(x)dx Trong trusng hgp la tich v6 hudéng tinh < p,q > véi p =

|
2 —3x+5x>—x3,g =4+ x — 3x> +2x°

Ching minh. a) Dé dang kiém tra cac tién dé TVH 1,2,3,4. Riéng d6i véi tién de TVH
5, ton tai vecto p = x (x — 1) (x —2) # 0 ma:

<pp>=p0)+p (1) +p*(2)=0
Do d6 biéu thic da cho khong phai 1a mot tich vé huéng.

b) < p,q > da cho 1a mét tich vé huéng, dé dang kiém tra céc tién dé TVH1,2,3,4. Riéng
tién dé TVHS5, ta c6:

<pp>=p*0)+p*(1)+p*2)+p*(3) >0

<pp>=0=p0)=p1)=p(2)=p@3)=0.
Gia stt p = a + bx + cx? + dx3, giai hé phuong trinh tit c4c diéu kién p (0) = p (1) =
p(2)=pB8)=0,tadugca=b=c=d=0,nghialap =0.

c¢) Biéu thic da cho 12 mot TVH n
Bai tap 5.7. Dung phuong phéap truc chuén héa Gram - Schmidt xay dung hé truc chuin

tu hé vécto {uy, up, us, us} véiug = (1,1,1,1),up = (0,1,1,1) ,u3 = (0,0,1,1) ,us = (0,0,0,1)
trong R* véi tich vo huéng chinh tac
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3. Khong gian Euclide 109

Bai tap 5.8. Trong P, [x] dinh nghia tich v6 hudng < p,q >= / p(x)g(x)dx véi p,q €

-1
Pz [X]

a) Truc chuén hoa Gram - Schmidt cd s6 B = {1, x,x*} d€ nhan dudc co sd truc chuén
A.

b) X4c dinh ma tran chuyén co sé tit B sang A
c) Tim [r], biét r = 2 — 3x + 3x?

Chiing minh. Pat u; = 1,up = x, uz = x2

Bude 1: Dat v; =

trong d6 ||u;||* = /ldx =2,nén vy = % .

N ||u1H’

1

Budc 2: Dat o, = up +tvg , trong do t = — < up,v7 >= — dx =0, vay v, = up = x.

L\H
=
S

1
Chon v, = I@H , trong d6 ||73||* = /xzdx = % , Vay v = \/—gx.
-1
( 1
_ _ [214. 2
HH=—<usv > /x \/idx 33
Budce 3: Dat 3 = uz + t1v1 + thv,, trong d6 *11
th = — < uz, vy >= —/xz.%xdx =0
\ -1
; 2
22 1 _,2 1 2 1 _ 8
Vay v3 = x VA I Chon v3 = II*H trong d6 |73 = / (x - §> dx = 4.
-1
V5

Do do, v3 = ;

(xz — %) Tém lai ta nhan dudc co sé truc chuin
s 3)
V2 V2 a2 3 -

Bai tap 5.9. Cho khong gian Euclide V hitu han chiéu, W 1a khéng gian con ctia V va u

&

la mot vécto cia V. Chitng minh:

a) Ton tai véc to u’ cia W sao cho (u —u') LW

N <||lu—w|,VweW
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110 Chuong 5. Dang toan phuong, khong gian Euclide

Chitng minh. a) Cach 1: Do W 1a khong gian con cia V hitu han chiéu nén W ¢6 mot
¢ s6 truc chudn 1a S = {vy,0,,..,0,} . Khi d6 véi moi u € V, ta dat v’ =<
u,v7 > v+ < U,vy > vy + ..+ < U, vy > vy. Ta sé ching minh (v —u') LW.
That vay, vi hé S = {vy, vy, ..., vy } truc chudn nén:

<u—u,v;>=<uuv>—<u,v; >
=< u,v; > — (< u,v1 >0+ < U0 >0+ ot < U,Vy > U, 0j)
=< u,v;>—<uUnu >
=0

Suyra (u—u') Lo;véimoii=1,2,...,mmnén (u—u') LW

Cach 2: Do W 1a khong gian con ctia V hitu han chiéu nén W c6 mét co s¢ 1a S’ =

{v],v}, .., v} , va ching ta c6 thé bé sung thém céc vécto dé duge co s6 cua
/
m+17 "

hoa Gram-Smidt vao hé S ta thu duge co sé truc chuén S = {vq,0y, ..., v} cla
W va {v1,v2, ..., Um, Uy 11, .-, Un } cta V. Khi do:

khong gian V 1a §" = {v},),..., v, v .U }. Thuc hién qué trinh truc giao

Yu € V,u = a0y + axvy + ... + amOm + Ay 19m41 + ---0n0n

~\~

u! u—u'

Rorangu’ € Wva (u —u') LW.

b) Ta co

= wi? = (e =)+ (= w) [P = [J = [+ [l = w]* > [ = |

do(u—u)lWmnén (u—u)L(w—w)eW
Y nghia hinh hoc: Néu goi u 1a mét vécto trong khong gian R® va W 1a méit phing
bat ki thi #/ chinh 1& hinh chiéu cta vécts u 1én mat phang W, con khang dinh cta
cau b) ctia bai toan néi 1én rang do dai cia dudng vudng géc bao gio ciing ngan hon
d6 dai ctia duong xién bat ki (xem hinh vé).
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3. Khong gian Euclide 111

lu =[] < flu —w] "

Bai tap 5.10. Tim hinh chiéu ctia véc to nay 1én véc to kia
a) u=(1,3,-2,4),v=(2,—-2,4,5)

b) u=(4,1,23,-3),v=(-1,-2,5,1,4)
Chitng minh. Yéu cau bai toan tuong duong véi tim hinh chiéu ctia u 1én W = span (v).

0

a) Cach 1: W c¢6 mot co sé truc chudnla S = {01 = ﬁ = % (2, —2,4,5)} . Do d6:

(2,-2,4,5) = > (2,-2,4,5)

1
w =< U,v >0 = <(1,3, —2,4),; (2, —2,4,5)>. T

12 hinh chiéu ctia u 1én v.

Cach 2: Phan tich u = wy + w,, trong d6 w1 € W, w, LW . Viw; € W nén w; = x.v =
(2x, —2x,4x,5x) , khi d6 wp = u —wy = (1 —2x,3+2x, -2 —4x,4—5x) . Do wp LW
nén wp v, ta ¢6 phuong trinh 2(1 —2x) —2(3+2x) +4(—2—4x) +5(4—5x) = 0.
Suy ra x = % va wy = 4% (2,—-2,4,5) .

Nhan xét: Hinh chiéu cia vécto u 1én vécto v dudc xac dinh theo cong thiic:

Bai tap 5.11. Cho R* véi tich vé huéng chinh tac. Cho u; = (6,3,—3,6),u; = (5,1,-3,1).
Tim c6 s6 truc chuén ctia khong gian W sinh béi {uq, u}. Tim hinh chiéu cia v = (1,2,3,4)
lIén W.
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112 Chuong 5. Dang toan phuong, khong gian Euclide

Chitng minh. Cach 1: Truéc hét ta di truc giao hoa Gram-Smidt hé {u,u,} dé thu duge

cd s6 truc chudn caa W. v, = Hz_i\l = \ﬁul bat v, = up + tvq trong do,
t——<uv>——<u L u>—— L <uu>——16
2,01 2,3\/E 1 310 2, U1 /10
Suy ra
16 1 8 9 3 7 11
Uy = - T — 511/ _3/1 - I 6/31 _3/6 — =7 =7 =7 =
2= it )~ 15 ) (5 55 5)
0 1 1
V) = —— = 9,-3-7,—11) = v
27 e \/260( ) V260

Cuoi cung ta co

w1 =<0,01 >0+ <0,02 >0

<U 1u> 1u—|—<v 1U’> 10’
3y10 '/ 3v/10 1\ V260 260

1

o5 (12,3,4),(6,3,-3,6)) (6,3,-3,6)
1

+ % ((1,2,3,4) , (9, —-3,—7, —11)> (9, -3,-7, —11)

3 31
" 10 (6,3,-3,6) - 130

(02110 115
-~ \ 26713713 26
Cach 2: Phan tich v = w; + w, trong d6 w; € W, w, LW.
Viw; € Wnén wy = x.uq +y.up = (6x+5y,3x +y, —3x — 3y,6x +y) ,

khi d6 w, = v —w; = (1—6x—5y,2—-3x—y,3+3x+3y,4—6x—y) . Do wp LW nén
wy L uy, wyluy, ta co6 hé phuong trinh

(9,-3,—7,—11)

6(1—6x—5y)+3(2—-3x—y)—3(3+3x+3y)+6(4—6x—y)=0
5(1—6x—5y)+(2—-3x—y)—33+3x+3y)+(4—6x—y) =

—31 -9 21 10 115
Suyrax =72,y = 53 vaws = (z?rﬁrﬁrz?)
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4. Chéo hod truc giao ma tran - Phuong phdp chéo hod truc giao 113

§4. CHEO HOA TRUC GIAO MA TRAN - PHUONG PHAP
CHEO HOA TRUC GIAO

4.1 Chéo hoa truc giao ma tran
DPinh nghia 5.19. Ma tran vuéng P duoc goi la ma tran truc giao néu PP' = 1.

Dinh nghia 5.20. Cho ma tran vuéng A, néu ton tai ma tran truc giao P sao cho P~ AP
la ma tran chéo thi ta noi ma tran A chéo hoa truc giao dudc va P la ma tran lam chéo
hoa ma tran truc giao A.

Pinh 1y 5.21 (Diéu kién can va du dé mét ma tran chéo hoa truc giao dude). Piéu
kién can va di dé ma tran vuéng A chéo hod truc giao duoc Ia A déi xing.

Quy trinh chéo hoa truc giao ciac ma tran d6i xing:

Budc 1: Tim mot cd s6 cho méi khong gian riéng clia ma tran doi xing A

Budc 2: Ap dung qua trinh truc giao hod Gram-Smidt vao méi co s6 dé dé dude co s6 truc

chuén cho m6i khong gian riéng, ta thu dugc n vecto riéng truc chuén {f1, f, ..., fu}
ung véi cac gia tri riéng Aq, Ay, ..., Ay

Budc 3: Lap ma tran P ma cac cot la cac vecto xay dung 6 budc 2, ma tran P nay s€ lam
chéo hoa ma tran A, tic

M
A'=P1AP=P'AP =
An

4.2 Phuong phap chéo hoa truc giao dé rit gon mét
dang toan phuong

Gia s dang toan phuong Q c¢6 ma tran la ma tran d6i xing A trong mét cd sé truc
chuén § cta né.
Budce 1: Chéo hoa truc giao ma tran A bdi ma tran truc giao P, trong d6 P 1a ma tran

chuyén co sé tit co s6 truc chudn § sang cd sé truc chudn 8’ méi.

Budéc 2: Thuc hién phép d6i bién

X1 ¢1
2| _p @)
Xn Cn
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114 Chuong 5. Dang toan phuong, khong gian Euclide

khi d6 Q ¢6 dang chinh tac
Q = M&T + A3 + o + Al

trong cd s6 8’ méi.

4.3 Nhan dang dudng cong phang

Xét phuong trinh moét dudng cong bac 2 téng quat sau:
axrlZ + 2bx1 + cx% +29x1+2hxy+d =0

Vé trai ctia phuong trinh 14 tong ctia hai ham, mét ham bac nhéit p va mét dang toan
phuong g v6i g = ax% + 2bx1 + cx%, p = 2¢x1 + 2hxy +d . Mubn nhan dang dugc dudng cong
trén thudc dang dudng cong nao ching ta thuc hién phép doi bién truc giao dé dua dang
toan phuong g vé dang chinh tac roi bién luan theo két qua thu dude. Chu y réang bat budce
phai dung phuong phap truc giao dé nhan dang mét dudng cong bac hai, vi chi c6 phép
bién doi truc giao méi 1a phép bién d6i bao toan khoang cach. Phép bién doi Lagrange va
Jacobi khong cé tinh chét nay, vi vAy néu st dung cac phép bién ddi Lagrange va Jacobi
thi ¢6 thé din dén viéc nhan nham mot dudng tron véi mot ellipse chdng han.

4.4 Nhan dang mat bac hai
Xét phuong trinh moét mat bac hai tong quat:
ax% + bx% + cx% + 2rx1xp + 25x1x3 + 2txpx3 + 2exq +29xp +2hx3 +d =0
Vé trai 1a tong cta hai ham, mét dang toan phuong g va mot ham bac nhét p VOi:

q= ax% + bx% + cx% + 2rx1xp + 2sx1x3 + 2txpx3
p = 2exy +2¢xy +2hx3 +d

Mubn nhan dang dudc mat cong trén thudc dang mét bac hai nao ching ta thuc hién phép
ddi bién truc giao dé dua dang toan phuong g vé dang chinh tac roi bién luan theo két qua
thu duge. Caing tuong tu nhu nhan dang dudng cong, bat budc phai stt dung phép bién d6i
truc giao khi nhan dang mat bac hai. Néu s& dung phép bién ddi Lagrange hoiac Jacobi
thi ¢6 thé din dén viéc nhan nham mot hinh cau va ellipsoid ching han.
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4. Chéo hod truc giao ma tran - Phuong phdp chéo hod truc giao 115

4.5 Ung dung cua phép bién d4i truc giao vao bai toan
tim cuc tri c6 diéu kién

n 2z
Cho dang toan phuong Q = Y a;jx;x; c6 ma tranla A = [a;]  doi xdng trong mot
=1

cd s8 truc chuén caa V. Hay tim cyc tri ctia Q v6i diéu kién x'x = x2 + 23 + ...+ 22 = 1.
Bang phép bién d6i truc giao x = PZ ta dua Q veé dang chinh tic:

Q= M&E+ A&+ o+ Al

Gia su /\1 S )\2 S S )\n, khi do
n n
MET=M) T < Q<A Y 6 =Anl'C
i=1 i=1
Vi x = P& nén x'x = (PZ)" (PE) = & P!P¢ = #'& =1 nén ta 6

AlSQS)\n

Vay Q dat gia tri 16n nhat 1a A, tai ™ = (0,0, ..., 1) tic 1a tai x = PEM. Q dat gia tri nhé
nhat 1a A; tai ¢ = (1,0, ...,0) tic la tai x = P&™

4.6 Bai tap

Bai tap 5.12. Chéo hoa truc giao cac ma tran sau

100 1 -1 0
a)A=|011 ogC=1|-1 1

011 0 0 1

7 =20

b) B — -7 24 d)D=| -2 6 2

24 7 0 2 5

Bai tap 5.13. Dua dang toan phuong vé dang chinh tic bang phuong phap truc giao

a) X7 + 23 + x5 +2x122 ¢) 2x% 4+ 2x3 + 3x3 — 2x1Xx2 + 2X2X3

b) 7x% — 7x3 + 48x1x; d) 5x2 + x3 + x3 — 6x1x2 + 2x1X3 — 2X2X3.
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116 Chuong 5. Dang toan phuong, khong gian Euclide

U1 L 1—1 , Uy = 8 ,vg,:L
V2 0 1 V2 0
Vay thuc hién phép d6i bién
X1 1 1 0 1 ¢1
X2 |=—42=| -1 0 1
xi 210 V3o gi
ta dudc
q=0+283 O
Bai tap 5.14. Nhan dang dudng cong phéng sau:
a) 2x% —4xy —y> +8 =0 d) 2x? +4xy + 5y = 24
b) x* +2xy+y*>+8x+y =0 e) x>+ xy —y> =18
¢) 11x? 4+ 24xy +4y> — 15 =0 ) x2 — 8xy + 10y? = 10.

Chitng minh. b) Dung phuong phép truc giao dé riat gon dang toan phuong. V6i ma tran

A= ta c6 phuong trinh dac trung la

1

1-A2 1

=0 A=0,A=2
1 1—A

ing v6i 2 tri riéng viza tim duge ta tim duge 2 vects riéng truc chuén tuong ing la f; =

1|l fr= 1|1
ﬁ _1 7 ]2 \@ 1 .
Thuc hién phép doi bién ol - %ﬁ 1 61 ta thu duoc
y 2 -1 1 G2
1
Q=02 +253 + —=[8(81+62) + (—81+ &)
V2
Puong cong da cho la mot parabol. [
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Bai tap 5.15. Nhan dang cac mat bac 2 sau:
a) X7+ x5+ x5+ 2x1xp = 4
b) 5x2 +2y? + 22 — 6xy +2xz —2yz = 1
€) 2x7 +2x3 + 3x3 — 2x1xp — 2x0x3 = 16
d) 7x? — 7y? + 24xy + 50x — 100y — 175 = 0
e) 7x> + 7y* 4+ 1022 — 2xy — 4xz + 4yz — 12x + 12y + 60z = 24
f) 2xy +2yz+2xz —6x —6y —4z =0

Chiing minh.  a) Dung phuong phép truc giao dé riut gon dang toan phuong g = x% -+

110
X3+x3.A=|1 1 0| ,matran Acé3tririéngla A; = 0,4, = 1,43 = 2, ing véi
0 01
né ta tim dude 3 vecto truc chuén 1a
1 ] [0 1
v 1 1 v 01,v L 1
1=—0%= | -1 |, ;2= ,U03 = —=
2 2
V2l | 1 V21
x1 | 1 0 1 &
Vay thuc hién phép d6i bién | x, | = \% -1 0 1 & | , tadudge g = C% +
X3 | L 0 \/E 0 63
2¢2. Ta c6 x2 + x5 + x5 + 2x1xp = 4 & &5 +2¢2 = 4, vAy mit cong da cho 1a mot mét

tru.

b) Dung phuong phap truc giao dé riut gon dang toan phudng g = 5x? + 2y? + 22 —

5 -3 1
6xy +2xz—2yz. A= | =3 2 —1 | ,matran Acé3 tririéngla Ay = 0,1, =
1 -1 1
4+ +/10,A3 = 4 — /10, gia st Gng v6i né ta tim dude 3 vecto truc chuin 1a
fin f fa1
n=\|fiz |, 02=1| f |, v3=| fa
f13 fo3 f33

Vay thuc hién phép d6i bién

X1 fu fa fa ¢1
X2 | = | fiu f2 f @)
X3 fiz fz3 f3 33
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118 Chuong 5. Dang toan phuong, khong gian Euclide

ta dugc g = <4+\/1_0> C%+<4—\/1—O> C%.Tacé

B2 =45 <4+\/E>§%+<4_\/E> 3

Vay mat cong da cho la mot mat tru. [

Bai tap 5.16. Cho Q (x1,x2,x3) = 9x7 4 7x5 + 11x3 — 8x1x2 + 8x;x3.

a) Tim Max Q(xy,x2,x3), Min  Q(x1,x,x3). V6i gia tri nao thi Q (x1,xp, x3)
x24xd+x3=1 x2+x3+x3=1
dat max, min.

b) Tim  Max Q(xy,x2,x3), Min  Q(x1,x2,x3)

x%+x%+x§:16 x%+x%+x§:16
9 —4 4
Ching minh. a) A= | —4 7 0 | ,PTDPT —A3+4+27A% — 207\ 4405 =0, A c6 3 tri
4 0 11

riéng la A; = 3,1, = 9,13 = 15, va 3 vecto riéng truc chuin tuong tng la:

2 -1 2
U] = L 2 v L 2 % L 1
1 — 3 s V2 — 3 s V3 — 3 -
-1 2 2
Thuc hién phép déi bién

X1 1 2 -1 2 ¢1
Xy | = 3 2 2 -1 )
X3 -1 2 2 53

ta dudc
Q = 3¢7 + 925 + 153

véi diéu kién xfx = (P¢)' (PE) = &'P!PE = ¢'¢ =1, nén ta 6 < Q <15Vay Q dat

0
gia tri l6n nhat1a 15tai M = | 0 | ticla tai x = PEM =
1
1 2
Q dat gia tri nhé nhatla3tai ¢ = | 0 | ticlatai x = P& = 2
0
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4. Chéo hod truc giao ma tran - Phuong phdp chéo hod truc giao 119

b) Theo cau a) ta ¢6 Q = 3¢ +9¢% + 15¢2, véi didu kién x'x = (P&)' (P¢) = ¢'P'PE =

0
&F'F = 16, nén ta c6 48 < Q < 240. Vay Q dat gia tri 16n nhat 1a 240 tai ¢M = | 0
4
2 4
ticlataix = P¢M =2 | —1 |.Q dat gid tri nhé nhat1a 48 tai & = | 0 | ticla tai
2 0
2
x =P = % 2 [
—-1

n 2
Chu y: Xét bai toan: cho dang toan phuong Q = Y. 4;jx;xj ¢ ma tran la A = [a;j] doi

L nxn
i,j=1

2

*2

2 2 ~ N . 3 4. - X LN 2
xung trong mat cd sé truc chuan cta V. Hay tim cuc tri cia Q véi dieu kién % +3 4.+
1 2

=N

n N
% =1.Khidédaty, = ;' thiQ = '-21 bijyiy;j , va didu kién trd thanh xy? + y3 + ... +y2 =1,
1,j=

an

ching ta quy vé bai toan tim cuc tri da xét ¢ trén.

Bai tap 5.17. Cho A, B 1a cac ma tran vudng dbi xing cap n c6 céc tri riéng déu duong.
Ching minh A 4 B ciing c6 cac tri riéng duong

Chung minh. Gia st A, B 1a ma tran cta cac dang toan phuong ¢, ¢ trong mot co sé truc
chuin nao d6 caa R” , tic la

P (x,x) = x' Ax

@ (x,x) = x'Bx
Khi d6 (¢ + @) (x,x) = x' (A + B) x v6i moi x € R", tiic la A + B 1a ma tran ctia dang toan
phuong ¢ + ¢ trong co sd truc chudn d6. Do céc tri riéng ctia A, B déu duong nén ¢, ¢ 1a
cac dang toan phuong xac dinh duong. Tong ciia hai dang toan phuong xac dinh duong l1a
mét dang toan phuong xac dinh dudng nén ¢ + ¢ xac dinh duong, va do d6 A + B cung c6
cac tri riéng duong. [

Bai tap 5.18. Trong khong gian Oclit 1 chiéu V , véi co s6 truc chuén B = {e1,€2,....en},
cho f 1a bién d6i tuyén tinh c6 ma tran A truc giao. Chiing minh < f(x), f(y) >=< x,y >
v6i moi x,y cua V.

Chung minh. Loi giai: Gid st x = xje1 + xpe2 + ... + Xp€p, Y = Y161 + Y2e2 + ... + yne,. Khi dé
ta c6 biéu thic toa do cia tich vé6 huéng trong co sé truc chuin B ctia khong gian Euclide
V nhu sau:

n
<xy>=Y xy = [x|5[y]s
i=1

119



120 Chuong 5. Dang toan phuong, khong gian Euclide

Vay

Bai tap 5.19. Trong khong gian Oclit 1 chidu V , véi co s6 truc chuén B = {ej, ey, ..., €4},
cho f 12 bién d6i tuyén tinh trén V c6 tinh chat || f(x)|| = ||x|| v6i moi véc to x ctia V. Ching
minh < f(x), f(y) >=< x,y >.

Chiing minh. Trudc hét ta ching minh:

1néui=j

<fe) f o) >=< eiey >= { Onbui # ]

That vay. Néu i = j thi < fle) f(e) >=IIf (ezi)Hz = leil)? =1 i 2
Neui 7 jthi [|f (e;) + £ (e)|I" = |f (s +-e) [ = [les +ei]” = ledll” + [leil| = = IL£ (ea)I* +
|f (¢j)]|” nén < £ (&), f (ej) >=0.

Pén day ching ta c6 2 cach lap luan:

Cach 1: Goi A = [[f (e1)]z.,[f (e2)]g, - [f (en)]5] 12 ma tran ctia anh xa f trong co sé B. Vi
Inéui=j

. . 7’ nén A"l = A" . Theo bai 18 ta c6 diéu
Oneéeui # j

< fle), f(g) >=<eiej >=
phai ching minh.
Cach 2: Gia st x = x1e1 + X262 + ... + Xnen, ¥ = Y11 + Y2€2 + ... + Ype, thi
<X,y >=x1y1 + X2y2 + ... + XnYn

< f(x), f(y) >

=< x1f (e1) + xof (e2) + ... +xnf (en),y1f (e1) +yof (e1) + ... +ynf (en) >
= X1Y1 + X2Y2 + ... + XnYn

=< x,y >

Bai tap 5.20. Cho V 1a khong gian Oclit # chiéu, V; 12 khong gian con m chiéu ctia V. Goi
Vo, ={x € V|xlo,Vve V}.
a) Chung minh V, 1a khong gian vécto con caa V.
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b) Chiing minh V; va V, bu nhau.
c) Tim dimV,
Chiing minh. a) Ta can ching minh:

Vx,y e \, thix+ye W,
VkeR,xecV thikxe VW,

Dé kiém tra.

Vi+W=V
Vinv, = {0}
truc giao ctia u 1én Vi, up 1a thanh phan cta u truc giao véi V4. Khi dé ta ¢6 u =
Uy +up,vadodo Vv C Vi +V, . Mat khac V;, V, 1a cac khong gian vecto con cia V nén
Vi+VaCV.SuyraVy+ V= V.

Honnitanéuu € VNV, thi < u,u >=0,do dé u = 0. Vay V; NV, = {0}.

b) Ta can ching minh: { . That vay: V6i moi u € V, goi 1 12 hinh chiéu

c¢) Tagoi f:V — Vi, f (u) = uy , trong d6 u; 12 hinh chiéu truc giao ctia u 1én Vi, 12 4nh
xa chiéu truc giao. D& dang ching minh f 1a 4nh xa tuyén tinh. Do f 1a toan anh
nén Im f = Vj, honntta u € Kerf < f (u) =04 u € Vo nén Kerf = V,. Khi d6

n =dimV = dimIm f + dimKerf = dimV; + dimV;

Suy ra dimV, = n — m. [

Bai tap 5.21. Cho V 1a khéng gian Oclit # chiéu, chitng minh diéu kién can va dt dé 4nh
xa f : V — R tuyén tinh I ton tai vécto a c¢6 dinh ctia V dé f(x) =< a,x >,Vx € V

Chung minh. Diéu kién da: Dé dang ching minh 4nh xa f(x) =< a,x >,Vx € V 1a
anh xa tuyén tinh véi méi vectd a ¢b dinh da dude chon trude.

Diéu kién can: Gia st f : V — V 1a mot anh xa tuyén tinh bat ky.

(a) Néu f = 0 thi ta chon vects 2 = 0 thod man yéu cau bai toan.

(b) Néu f # 0. Ta sé chiung minh dimKerf = n — 1. That vay, vi f # 0 nén ton
tai it nhat mot vecto yeV,y & Kerf. Cb dinh mot vecto y nhu vay, khi d6 véi
méi x € V, dat A = %,z =x—Ay = x—%ythif(z) =0 = z € Kerf .
Ta c6 x = z + Ay , ttc 1a moi vecto x € V thita nhan phan tich thanh tong cta
2 vectd, mot vecto thudc Kerf va mot vecto thudc spany. Piéu d6 c6 nghia la
V = Kerf + spany va suy ra dimKerf =n — 1.

Bay gis gia st V ¢6 phan tich thanh téng truc giao V = Kerf + (Kerf )L thi
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122 Chuong 5. Dang toan phuong, khong gian Euclide

dim (Kerf)" = 1, tiac (Kerf)™ = span (yo), trongdé |lyo| = 1. Pat a =
f(yo)yo € (Kerf): , ta sé chitng minh vecto a thod man yéu cAu bai ra, tic
1a f(x) =< a,x >,Vx € V. That vay: Véi mbi x € V, do V = Kerf + (Kerf)" =
Kerf + span (yo) nén x = Ayp + v,y € Kerf . Khi dé:
fx)=Af(yo) + f (v)

= Af (vo)

=A< f () o yo >

=A<ayy > n

=< a,/\yo >

=<a,Ayo+y > << a,y >=0doa e (Kerf)",ye (Kerf)>

=<ax >
Bai tap 5.22. Trong R® véi tich vé6 huéng chinh tac cho cac véc to v, = (1,1,0,0,0), v =
(0,1,-1,2,1),03 = (2,3,-1,2,1) .Goi V = {x € R®| xLv;,i = 1,2,3}
a) Chiing minh V 14 khong gian véctd con ctia R°.

b) Tim dimV.

Chiing minh. Cach 1. Pat W = span {vy,v;,v3}, theo bai tap 5.20 ta da ching minh
V = W+ 1a mét khong gian vecto con ctia R, va

dimV =5 — dimW =5 —rank {v,vp,v3} =5—-2=3

Cach 2. Nhan xét réing vi V. = {x € R’|xLlv;,i =1,2,3} nén V chinh la khéong gian
nghiém ctia hé phuong trinh:

X1+ X2 =0
Xy — X3+ 2x4 + X5 =0
2x1+3xp —x3+2x4+x5 =0

Giai hé phuong trinh trén bang phuong phap Gauss ta dude dimV = 3 va mét co s6
caa V 1a {(—1,1,1,0,0),(2,—-2,0,1,0),(1,—1,0,0,1)}. -
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PHU LUC A

MOT SO MA TRAN PAC BIET

§1. MA TRAN LUY LINH

1.1 Cac dinh nghia va tinh chét

Pinh nghia 1.1.  a) Ma tran A vuéng cap n duoc goi la Iuy linh néu tén tai s6 nguyén
duong k sao cho A¥ = 0. Néu co thém A1 + 0 thi k duoc goi Ia bac Iiy linh ciia ma
tran A.

b) Tu déng cau ¢V =V dugc goi la Iiy linh néu co sé6 nguyén duongk sao cho (pk =0.
Néu thém vao do gok_l # 0 thi k duoc goi la bac Iay linh.

Pinh 1y 1.2. Bic luy linh ciia mét ma tran Iiy linh bang cap cao nhat ciia cac khoi Jordan
cuia no.

DPinh 1y 1.3. Cho A la ma tran luy linh, vuéng cap n. Khi do A" = 0. Nghia la, bac Iiy
Iinh ciia ma tran A luén Iuén nhé hon hodc bang n.

Pinh 1y 1.4. Da thiic dic trung ciia mét ma tran vuong cap n liy linh bang \".

Chiing minh. That vay, gia st A ¢6 bac liy linh bang k. Khi d6, ton tai vécts v # 0 sao cho
Aky = 0 va AF"1p £ 0. Nhu thé, « = A¥1v £ 0 chinh 1a mét vécto riéng ctia A dng véi tri
riéng A = 0. Ta sé chiing minh A = 0 nay 13 tri riéng duy nhat ctia A. Gia st A 12 mét tri
riéng ctia A. Khi d6, ton tai vécto v # 0 sao cho Av = Agv = Afv = )\Sv =0.Viv # 0 nén
A =0=1¢=0. m

DPinh 1y 1.5. Cho A I3 mét ma tran vuéng cap n. Chiing minh rang A liy linh khi va chi
khitr(AP) =0vdimoip =1,2,...,n.
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124 Chuong A. Mot s6 ma tran ddc biét

Pinh 1y 1.6. Cho A : V — V la mét todn tit tuyén tinh va W 1a mét khong gian con bat
bién ciaV.Dat Ay : W — W va A, : V/W — V /W Ia cdc toan tit cam sinh bdi todn tix A.
Ching minh rdng néu A, va A, 1a liy linh thi A cing la Iiy linh.

1.2 Bai tap
Bai tap 1.1. A la ma tran liy linh néu va chi néu tat c4 gia tri riéng ciia A déu bang 0.
Bai tap 1.2. Chiing minh rang néu A la ma tran liy linh thi | — A la ma tran kha nghich.
Chiing minh. Ta c6

[=1-A"=(I-A)(I+A+A%+.. + A

Bai tap 1.3. Chung minh rang véi moi ma tran vuéng A Iuén co thé phan tich A = B+ C
voi C la mot ma tran liy linh va B la ma tran chéo hoa duoc va BC = CB.

Bai tap 1.4. Cho A va B la cdc ma tran vuéng ciung cAp théa man B la ma tran liy linh
va AB = BA. Chiing minh rang det(A + B) = det A

AZOOS — I.BZOO9
7

Bai tap 1.5. Cho A va B la cdc ma tran vuéng ciing cap théa man =0va

AB 4 4A +2009B = 0. Chiing minh rang (A + B) la ma tran khéng suy bién.

Bai tap 1.6. (2000) Cho A va B la cdc ma tran vudng cung cap théa man A% = 0; B2900 =
0 va AB = BA. Chiing minh rang (A + B + 1) kha nghich.

Chitng minh. Nhan xét rang (A + B)** = 0 nén (A + B) la ma tran luy linh, suy ra diéu
phai ching minh. u

Bai tap 1.7. Cho A va B la cdc ma tran vuéng cung cap théa man A = ;B2 = va
AB = BA. Chitng minh rdng (A + B + I) kha nghich.

Chiing minh. Gia st (A + B + I) suy bién. Khi d6 ton tai vecto X khéc 0 sao cho (A + B +
NX=0.Hay (A+1)X = —BXsuyra (A+ D)X = —BYPX = —X,suyra (A+ 1) +
I)X = 0. Theo gia thiét (A2 — I)x = 0.

Ta s& chiing minh hai da thic (x + 1)1 4+ 1 va 29 — 1 13 nguyén t6 cung nhau. Thay
vy, gia st ching c6 nghiém chung 14 z. Khi d6 (z + 1) = —1 va 2290 = 1. Tt d6 suy ra
médun ctia z va (z+ 1) déula 1. Do d6, argz = £ va

2000 +40007r . +40007 tdr
z =C0S —(—— +smn——/;—

==
3 = cos — + sin 3 #1

Vay ton tai cac da thidc P(x) va Q(x) d& P(x)[(x + 1) +1] + Q(x)(x*0 —1) =1
Tt d6 suy ra [P(A)[(A +1)1999 + 1] + Q(A)(A2000 — I)]X = X hay X = 0, mau thuan véi
viéc chon X. Vay ta c6 diéu phai chiing minh n
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1. Ma trdan luy linh 125

Bai tap 1.8. (IMC) Cho hai ma trin vudng cap n,A va B. Gi4 sit ton tai (n + 1) s
t1,tr, ..., t, phan biét sao cho cac ma tran C; = A + t;B la cac ma tran Iy linh voi moi
i=1,..n+1. Ching minh rdng A va B cing la cdc ma tran iy linh

Bai tap 1.9. Tim cac ma tran A, B sao cho AA + uB la Iuy linh vdi moi A, y nhung khong
ton tai ma tran P sao cho P~1AP va P~1BP Ia cdc ma tran tam gidc.
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126 Chuong A. Mot s6 ma tran ddc biét

§2. TOAN TU CHIEU - MA TRAN LUY DANG

2.1 Cac dinh nghia va tinh chat
Pinh nghia 1.7. 1) Todn tiz f : V — V duoc goi Ia todn tif chiéu néu f> = f.
ii) Ma tran P duodc goi la ma tran Iiy dang néu P = P.
Gia st A 1a moét tri riéng caa P ang véi véc to riéng v £ 0 . Khi do,
Av = Pv = P?v = P(Pv) = P(Av) = APv = A%w.

Vay,
A =A% = A(1—A)v=0.

Viv #0nén A =0 hoidc A = 1. Ttc 13, mot ma tran lity dang chi c6 thé cé tri riéng 1a 0 va
1 ma thoéi. Hon ntta, né chéo héa dudc theo dinh ly sau day.

Dinh ly 1.8. Ton tai mét co sd ciia khéng gian sao cho ma tran ciia todn tif chiéu co dang
diag(1,...,1,0,...,0).

Bé& dé 1.9. Gig sir P la ma trén cia todn tir chiéu f : V — V. Khi do,
V =Kerf @ Ker(f —id),

J doid Ia todn tit dong nhét.

Chiing minh. 1) Néuov € Kerf va v € Ker(f —id) thi

fov=0, (f—id)jv=0=v=0.

2) Mbi v € V déu c6 phan tich
v=fo+ (v— fv),

6 do
i) fo € Ker(f —id), vi (f —id)fo = (f> - f)v =0,
ii) v — fo € Kerf, vi f(v — fv) = fo— f?0 = 0. m

VidimV = nnén gid st ey, ey, ..., e, 1a mot co sé caa Kerf va e, 11,...,e, 1a mot co sé caa
Ker(f —id) thi

i) fe; =0= fe; = 0e; = {e;}"; 1a cac véc to riéng ing vdi tri riéng A = 0.
ii) (f —id)e; =0 = fe; = ¢; = {e;}!_,, 1a cdc véc to riéng ting véi tri riéng A = 1.
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2. Todn ti chiéu - Ma tran liy dang 127

Nhu viy, ton tai mot co sé {ej, e, ..., e, } ctia khong gian véc to V gom toan cac véc to riéng
caa f. Néi cach khac, f chéo héa dudc, hay P chéo héa dudc.

Hé qua 1.10. Co mét tuong iing 1-1 giita todn tir chiéu va phan tich V = W; © W, ciia
khoéng gian V. Noi ré hon, vdi moi phan tich V.= W; @ W,, tén tai toan tit chiéu P thda
man P(w; + w,) = wy; va nguoc lai, véi méi todn tir chiéu P co mét phan tich tuong uing
V =ImP & KerP.

Toan tit P khi d6 c6 thé dudc goi 1a toan t& chiéu lén W; theo huéng Ws.

Hé qua 1.11. Néu P Ia todn tit chiéu thirank P = tr P.

Hé qua 1.12. Néu P la toan tir chiéu thi I — P ciing I mét toan tir chiéu, hon nita Ker (I —
P) =ImP valm(I — P) = KerP.

DPinh 1y 1.18. Todn tit chiéu P 1a Hermitian néu va chi néuIm P | KerP.

Dinh ly 1.14 (Djokovic, 1971). ChoV =V, ... ®V,, ddoV; # 0 véimoii = 1,...,k.
Dit P, : V — V; la cdc phép chiéu truc giao va A = Py + ... +P.. Khido0 < |A| < 1, va
|A| =1 néu va chi néu V; L V; vdi moii # j.

2.2 Bai tap

Bai tap 1.10. Cho P la mot toan tif chiéu va V = Im P @ KerP. Chiing minh rang néu
Im P | KerP thi Pv Ia hinh chiéu truc giao ciia v 1én Im P.

Bai tap 1.11. Cho A la mét ma tran vuéng cap n. Chitng minh réng cdc diéu kién sau Ia
tuong duong

a. A la ma tran ldy dang.

b. C" =ImA + KerA voi Ax = x vdi moi x € Im A.
c. KerA=Im(I —A)

d. rank(A) +rank(I — A) =n

e. Im(A)NIm(I — A) = {0}

Bai tap 1.12. Cho A 1a mét ma tran vuong cap n. Chiing minh rang A 1a Iiy ddng khi va
chi khirank(A) = tr(A) varank(I — A) = tr(I — A).

Bai tap 1.13. Cho P, va P, Ia cdc todn tif chiéu. Chiing minh rang
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128 Chuong A. Mot s6 ma tran ddc biét

1. Py + P, Ia toan tit chiéu khi va chi khi P,P, = P,P; = 0.
2. P, — P, 14 todn tit chiéu khi va chi khi P;P, = P,P; = DPs.

Bai tap 1.14 Pinh ly ergodic). Cho A la ma tran unita. Chiing minh rang

1 n—-1
lim — Z A'x = Px,

d do P 1a mot phép chiéu Hermitian 1én Ker(A — I).

Bai tap 1.15. Cho A va B la cdc ma tran vudng cap n. Chiing minh rdng néu AB = A va
BA = B thi A, B la cdc ma trén liy ding.

Bai tap 1.16. Cho A va B la cdc ma tran vuéng cap n, lily dang. Tim diéu kién can va di
dé' (A + B) Ia ma tran liy dang.

Bai tap 1.17. Cho A la ma tran Iiy ding. Chitng minh rang (A+ ¥ = I+ (2 —1)A vdi
moi k € IN.

Bai tap 1.18. (OL) Cho A, B la cdc ma tran cung cap, liy ding va AB + BA = 0. Tinh
det(A — B).

Bai tap 1.19. Cho A, B la cdc ma tran cung cap, liy dang val — (A + B) kha nghich. CMR
tr(A) = tr(B).

Bai tap 1.20. Cho Ay, A,, ..., Ay Ia cdc todn tif tuyén tinh trén khong gian vécto n chiéu
V sao cho Ay + Ay + ...+ Ay = I. Chiing minh rang néu céc diéu kién sau la tuong duong

1. Ay,..., Ay la cdc toan tit chiéu.
2. AjAj =0 vii moii # j.
3. rank A1 + ...+ rank Ay = n.

Bai tap 1.21. Cho Ay, A, ..., Ay la cdc ma tran liy ding. Chiing minh rang néu A; +
Ay + ...+ A =1 thiAiAjZO V01 moi i 75]
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3. Ma trén déi hop 129

§3. MA TRAN POI HOP
Dinh nghia 1.15. Toa4n tit tuyén tinh (hodc ma tran) A dugc goi la doi hop néu A = 1.

Dé dang kiém ching réng P 13 ma tran lity déng néu va chi néu 2P — I 1a ma tran d6i hop.
Gia st A 1a moét tri riéng ctia A Gng véi véc to riéng v # 0. Ta ¢6

v =Iv = A% = A(Av) = A(Av) = A(Av) = A?0.

Vay,
v=MA0v= (1-A)(1+A)v=0.

Viv # 0nén A = 1 hosic A = —1. Tic 14, moét ma tran d6i hop chi c6 thé c6 tri riéng bang
1 hoac —1. Hon ntita, n6 chéo héa dudc.

Bai tap A.1. [Cudi ki, K61] Cho ma tran vuéng A théa man A? = I. Chitng minh rang A
chéo hoa dudgc.

Ta chiing minh dinh ly sau day.

Pinh 1y 1.16. Ton tai mét cd s6 ciia khong gian sao cho ma tran ciia todn tit déi hop co
dang diag(+1,...,+1).

Bé dé 1.17. Néu A 1a mét ma tran déi hop va la ma tran cda todn ti f:V—=Vthi
V = Ker(f +id) @ Ker(f —id),

d doid Ia todn tit dong nhat.

Chitng minh. 1) Néuov € Ker(f +id) va v € Ker(f —id) thi

(f+id)v=0, (f—id)jv=0= f(v)=v=-v=0v=0.

2) Mbi v € V déu c6 phan tich

v:idvzfzv:%[(f+id)fv+(f—id)fv],
6 do
i) (f +id)fv € Ker(f —id), vi (f —id)(f +id)fv = (f2 —id) fo = 0,
i) (f —id)fv € Ker(f +id), vi (f +id)(f —id) fo = (fr —id) fo = 0. n

VidimV = n nén gia st ey, ey, ..., ey, 1a mot co s6 cta Ker(f —id) va ey y1,..., e, 1a mot co
s6 caa Ker(f +id) thi
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130 Chuong A. Mot s6 ma tran ddc biét

i) (f —id)e; = 0= fe; = ¢; = {e;}!"; 1a cac véc to riéng ing véi tri riéng A = 1.
ii) (f +id)e; = 0= fe; = —e; = {e;}_, 1a cac véc to riéng tng véi tri riéng A = —1.

Nhu vay, ton tai mot co s6 {ej, e, ..., e, } ctia khong gian véc to V gom toan cac véc to riéng
cua f. N6i cach khac, f chéo héa dudc, hay A chéo héa dudc.

Dinh ly 1.18 (Djokovic, 1967). Ma tran A co thé biéu dién dudc dudi dang tich cia 2 ma
tran doi hop néu va chi néu cdc ma tran A va A~' la dong dang.

Hé qua 1.19. Néu B la mét ma tran kha nghich sao cho X' BX = B thi X co thé biéu dién
dudc dudi dang tich cia 2 ma tran déi hop. Noi riéng, moi ma tran truc giao déu co thé
biéu dién duoc dudi dang tich ciia 2 ma tran doi hop.

Bai tap 1.22. Chiing minh rang A la ma tran déi hop néu va chi néu %(I + A) la ma tran
Idy ding.
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4. Ma trén déi xing, phdn déi xing 131

§4. MA TRAN POI XUNG, PHAN DOI XUNG

4.1 Cac dinh nghia va tinh chat
Pinh nghia 1.20. Ma tran thuc A dudc goi la
i) dbi xung néu AT = A,
ii) phan déi xing néu AT = —A.
Ki hiéu
i) S, 1a tap hop tat c4 cdc ma tran doi xing cap n,
i) A, 1a tap hop tat ca cdc ma tran phan déi xitng cap n.
Chu ¥ réang ma tran phan xing cip n 1é ¢6 dinh thic béng 0.
Dinh ly 1.21. S, va A, la cac khong gian véc td con cia M, (R). Hon niia,

mm&f:mmAn:fﬁgil
va

Mn(R) - S}’Z @ An.

Dinh ly trén c6 nghia l1a, S, 1a A, la cac khong gian véc té con bu nhau trong M,,(IR). Mot
cach tuong duong, mdi ma tran vuéng A € M,(R) déu c6 mot phan tich duy nhat duéi
dang téng ciia mot ma tran d6i xing va mét ma tran phan déi xing, nhu sau:

A:1m+AU+

2 (A - AT)I

1
2
§d6 B = 1(A+ AT) 1a mot ma tran d6i xing va C = (A — AT) 1a mét ma tran phan déi

xdang.

Chuy 1.22. a) Néun > 2 thi tich ciia hai ma tran doi xing co thé khéng phai 1a mot
ma tran déi xitng. Chang han nhu

FIERS

Tuy nhién, céng thiic (AB)T = BT AT chitng minh khéang dinh sau d4y.

"Cho A, B 14 cdc ma tran déi xitng cap n. Khi do, AB la mét ma tran déi xitng khi va
chi khi AB = BA."
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132 Chuong A. Mot s6 ma tran ddc biét

b) Néun > 3 thi tich ciia hai ma tran phan doi xitng co thé khéong déi xiing, ciing khong
phan doi xitng. Chang han nhu

0 -1 0 00 -1 00 O
1 0 0 00 0=]00 -1
0 0 O 10 O 00 O

Bé6 dé 1.28. Cho A,B € M, (R) sao cho AB = BA. Khi do, néu A,B la cdc ma tran doi
xitng hodc phan doi xiing (co 4 truong hop) thi AB doi xiing hodc phan doi xiing theo mot
quy tdc vé dau.

1) Néu A, B déi xung thi AB doi xing,

2) Néu A déi xitng, B phan doi xing thi AB phan doi xing,
3) Néu A phan doi xitng, B doi xiing thi AB phan doi xiing,
4) Néu A, B phan doi xiing thi AB déi xing.

Hé qua 1.24. Néu A 1a mét ma tran phan xiing thi A> la mét ma tran doi xiing, xdc dinh
khong duong.

Bo dé 1.25. Cdc tri riéng khdc 0 ciia ma tran phan xiing la thuan Zo.

Pinh ly 1.26. Diéu kién x” Ax = 0 théa man vdi moi x khi vao chi khi A la mét ma tran
phan xiing.

Bé dé 1.27. Hang ctia mot ma tran phan xiing 1a mot sé chén.
Dinh nghia 1.28. Toan tif tuyén tinh A trén khong gian Euclidean dudc goi 1a phan xiing
néu ma tran cia nd trong mot co sé truc chudn nao do 1a phan xing.
. -, v 0 - A’ . . - ” A - 2 ~, A . A
Dinh ly 1.29. Dat A; = (/\ 0 l) . Voi moi toan tir tuyén tinh phan xing A, ton tai mot
i
co 56 truc chudn sao cho ma tran ciia nd trong co sé truc chudn do cé dang

diag(A1, Ay, ..., Ak 0,...,0).

4.2 Bai tap
Bai tap 1.23. Chung minh rdng néu A la mét ma tran phéan xing thi [ + A la mét ma
tran kha nghich.

Bai tap 1.24. Cho A la mét ma tran phan xiing, kha nghich. Chiing minh rang A~ ciing
la mot ma tran phan xung.

Bai tap 1.25. Chiing minh rang moi nghiém ciia da thiic ddc trung ciia ma tran AB, ¢ do
A va B la cdc ma tran phan xiing cap 2n, déu co béi 1dn hon 1.
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§5. VET CUA MA TRAN

5.1 Pinh nghia va tinh chét

Pinh nghia 1.30. Vét ciia ma tran A la tong ciia cdc phan tit trén dudng chéo ciia no,
duoc ki hiéu la tr A.

Dé thay
tr AB = Zaijbji = tr BA.
ij
Do do,
trPAP! =tr PT1AP = tr A,

nghia 14, hang ctia ma tran cta toan ti tuyén tinh khéng phu thudc vao cach chon co sé
cta khong gian. Mét sb tinh chét khéc ctia vét cia ma tran:

1. tr(A+B) =trA+trB,tr(cA) = ctrA,trA = tr AT,
2. tr(ABCD) = tr(BCDA) = tr(CDAB) = tr(DABC), tuy nhién tr ABC # tr ACB.
3. Néu A la d6i xiing va B 14 phan d6i xing thi tr AB = 0.

4. tr A bang tong cac tri riéng cua A (ké ca boi), nghia la tr A = Y A;. Téng quéat hon,
i
tr AK = Z)Li.‘. N6i riéng, néu A 13 ma tran liy dang (A2 = A) thi tr A = rank A, néu
i
A la ma tran luy linh thi tr A = 0.

Néu A 1a ma tran cta toan ti tuyén tinh T trén khong gian Euclidean thi:

Pinh 1y 1.31. Choe, ..., e, la mét co sé chuan tac. Khi do

n

trA = Z(Te,-, 61').
i=1

Pinh 1y 1.32. Cho A la mét ma tran c¢d m x n. Néu véi moi ma trdn B c¢d n x m ta co
trAB=0thi A=0.

Chiing minh. Néu A # 0 thi tr(AAT) = Zafj > 0. ]
]
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134 Chuong A. Mot s6 ma tran ddc biét

5.2 Bai tap

Bai tap 1.26. Cho A la mét ma tran vudng cap n sao cho tr AB = 0 vdi moi ma tran B
théa mantr B = 0. Chitng minh rang A = Al

Bai tap 1.27. Chiing minh rang khong ton tai cdc ma tran vuong A,B,C,D cap n théa

_ |Ac+DB=1,
man
CA+BD =0.

A o ) ) P . . . ) rank A <1,
Bai tap 1.28. Cho A la m¢ét ma tran vuéng cap 3. Ching minhrang A~ =0 & ()
tr(A) =0.
Bai tap 1.29. Cho A la ma trdn cén x p va B la ma trdn c¢d q x n. Chiing minh
VX € M,(R),tr(AXB) =0« BA =0.
Bai tap 1.30. Tim tat c4 cdc d4nh xa tuyén tinh f : M,(R) — M,(R) sao cho

VA,B € My(R), f(AB) = f(BA).
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§6. MA TRAN KHOI

6.1 Pinh thidc cua ma tran khoi
Pat van dé.

a

) b
1) Neu M = ( d) la mo6t ma tran vuong thi det M = ad — bc.

c

A

2) Néu A, B,C, D 1a cac ma tran vudng cung cap va M = (C

B) thi det M =?
D

Bé dé 1.33. Cho A, B,C, D Ia cdc ma tran vuéng cung cap. Khi do,

det A0 = det A0 = det A B = det AdetD.
0 D C D 0 D

Dinh ly 1.34. Néu A, B,C,D la cdc ma tran vudng cung cap va néu
1) CD = DC thi

det (A B) = det(AD — BC).
C D

i1) AC = CA thi
det A By _ det(AD — CB).
C D

iii) BD = DB thi
det A B _ det(DA — BC).
C D

iv) AB = BA thi
det (A B) = det(DA — CB).
C D

Chiuing minh. Ta ching minh cho truong hop CD = DC. Cac truong hdp con lai dudc
ching minh tuong tu. Ta c6

A B D 0\ (AD-BC B\ (AD-BC B
c p/]\-c1/] \cb-bc D] 0 D
Do dé, ap dung B6 dé 1.39

det (? IB;) det D = det(AD — BC) detD. 1.1
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136 Chuong A. Mot s6 ma tran ddc biét

i) Néu det D # 0 thi (1.1) d4n dén det (é g) = det(AD — BC).

ii) Néu detD = 0 ta ap dung ki thuat giéi han trong giai tich. Pat D. = D — el. Vima
tran D chi c6 t6i da n tri riéng, nén c6 thé chon e di nhé sao cho € khong phai la tri
riéng cta D. Khi d6, det(D — el) # 0 va ap dung két qua da thu dudc & trén ta c6

det (A B ) = det(AD. — BC).
C De

Cho € — 0 dan dén diéu phai chiing minh. »

Pinh ly 1.35. Chiing minh riang néu A, B la cdc ma tran vudng ciing cap thi det(AB) =
det A det B.

Chitng minh. Xét cac ma tran khéi sau

P:<I A>’ QZ(A o>’ R:<0 AB)
0 I I B A B

Ban doc c6 thé kiém tra dé dang rang R = PQ.

i) Mot mat,

detR = (—1)" det (AB 0 >

o) = (F1)"det(AB)det(~1) = (~1)"(~1)" det(AB) = det(AB).

i1) Mat khac, det PQ = det Q = det A det B. [
Phan bu Schur
DPinh ly 1.36. Néu A l1a mot ma tran kha nghich thi
A
det By det Adet(D — CA™!B).
C D

Pinh nghia 1.37. Ma tran D — CA~'B dudc goi 1a phan bt Schur ciia ma tran kha nghich
A trong M, va duoc ki hiéu la (M|A).

Chu y rang néu AC = CA thi Pinh 1y 1.36 dan dén
A B -1 -1
det cp)= det(AD — ACA™'B) = det(AD — CAA™"'B) = det(AD — CB).
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Cac phép bién d6i so cip trén ma tran khéi

A B < 2
Cho M = <C D) ,06do A va D la cac ma tran vudng cap m va cap n tuong ung, P la

mot ma tran vuong cap m va Q la ma tran cé n x m.

Dinh ly 1.38.

det PA PB = det P det A B va det A B = detdet A B )
C D C D C+QA D+QB C D

6.2 Hang cua ma tran khoi
BG @é 1.39. Cho A € Myixn, B € My, va AB = 0. Khi do,

r(A) 4+ r(B) < n.

)

ABy =0,

P . o o s N - N x % ABZ - 0/
Chiing minh. Gia st By, ..., By la cac cot cia B. Tu AB = 0dan den |

| AB, =0.

Nhu vay By, By, ..., By 1a cac nghiém cta phuong trinh thuan nhat AX = 0. Mt khac,
khéng gian nghiém ctia phudng trinh thuan nhat AX = 0 ¢6 s6 chiéu 1a n — r(A). Do dé,
r(B) < n —r(A) dan dén diéu phai chitng minh. n

B& dé 1.40. Cho A € Myxn, B € My p. Khi do,

r (13 ]2) =r(A) 4+ r(B).

Mot cdch téng quat,

AL 0 - 0
0 Ay --- 0

r . . . = T(Al) +7’(A2) +"'+T(An).
0 0 --- A,

BG @é 1.41. Cho A € Myixn, B € My . Khi do,

A x

r(A)+r(B) <r (0 B) <min{p+r(A),m+r(B)}.
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138 Chuong A. Mot s6 ma tran ddc biét

Dinh ly 1.42 (BAt déng thite Sylvester). Cho A € My,xu, B € Myxp. Khi do,
r(A+B) <r(A)+r(B) <n+r(AB).

Chiuing minh. Ta co

n+r(AB) =1 (IO £B> — r(M).

Ap dung céc phép bién d6i trén ma tran khbi M ta c6
M I, O . I, O . I, —B . B I,
0 AB A AB A 0 0 A

B
0

Do do,

n+ r(AB) :r< ;) > 1(A) +r(B).

Dinh 1y 1.43 (Bat dang thiic Frobenius). Cho A € Myxn, B € Myxp,C € Mpy,. Khi
do,
r(AB) +r(BC) < r(B) +r(ABC).

. » A A B O NS » e < A e A A
Chiuing minh. Xét ma tran khoi M = ( ) va ap dung cac phép bien doi so cap trén

0 ABC
ma tran khéi M ta c6

B 0 B 0 B —BC BC B
M = — — —
0 ABC AB ABC AB 0 0 AB

BC B
0 AB

Do do,
r(B) +r(ABC) =r(M) =r ( > > r(AB) +r(BC).
Dinh ly 1.44. Cho A la mét ma tran vuéng. Khi do,

A2=Asr(A)+r(l-A) =n

Chu ¥ rang ma tran cé tinh chit A2 = A dudc goi 14 ma tran lity ddng. Xem thém vé ma
tran lity dang 6 Phu luc A2.
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6. Ma trgn khoi 139

Chiung minh. Pat M = <1§ | A> va ap dung cac phép bién ddi so cap trén ma tran
khoi M ta dudc

A 0 A 0 A A A—A% 0 A—A% 0

M = — — — —

0 I-A A T-A Al A I 0 I

Tuc la,
r(A)+r(I—A) =n+r(A—A?).

Do do,

r(A)+r(I-A)=neor(A-A*) =0 A= A% =

Dinh ly 1.45. Cho A € M,,x,. Khi do,
r(Iy— AAT) —r(I, — ATA) =m —n.

I, — AAT 0

Chitng minh. Xay dung ma tran khéi M = ( 0 )
n

) va ap dung cac phép bién doi

trén ma tran khéi M ta dudc

I, — AAT 0 . I,— AAT A . I, A . L, 0 . L, 0
0 I, 0 I, AT 1, AT 1, — ATA 0 I,—ATA
Nhu vay,

Iy — AAT 0 I 0
T . m m . T
r(Im—AA)—I—n—r( 0 In> ——r<o AT )-r(In—A A) +m.

Dan dén diéu phai chitng minh n
Dinh 1y 1.46. Cho A, B la cac ma tran vudong thoa man AB = BA. Khi do,

r(A) +r(B) > r(AB) +r(A + B).

: 4. A 0) | , LA A A
Chung minh. Xay dung ma tran khoi M = (0 B) va ap dung cac phép bien doi trén ma

M:AO%AB%A+BB:G.
0 B 0 B B B

tran khéi ta dudc



140 Chuong A. Mot s6 ma tran ddc biét

Déth(I 0 ).TiIAB:BAtacé
B —(A+B)
NG:(I 0 ><A+B B>:<A+B B)
B —(A+B) B B 0 —AB
Do d,
F(A) +7(B) = H(M) = r(G) > r(NG) = r <A§B _iB> =r(AB) +r(ATB).

Bai tap A.2. Cho A, B,C la cAc ma tran vudng cap n théaman r(C) = nva A(BA+C) = 0.
Ching minh rang
r(BA+C)=n—r(A).

Chiing minh. Diéu kién A(BA + C) = 0 va B6 dé 1.39 dan dén r(A) +r(BA + C) < n. Xét
ma tran khéi va bién d6i trén né sau

BA+C 0 BA+C BA C BA
— —
0 A 0 A —-A A

r(BA+C)+r(A):r<BA+C 0) =r< ¢ BA> >r(C)=mn

Ta co

0 A -A A

dan dén diéu phai chitng minh. »

A An A . Bi1 B o s .
Bai tap A.3. Cho A = 2 vaB = 172 , 6 do A11,B11, A, By la cac ma
A21 Agz B21 BZZ

tran vuong cung cip va rank A;; = rank A, rank By; = rank B. Chiing minh rang

A1 Bip
Ap1 By

Al A

== |A + B||A11||B22|
By1 By
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PHU LUC B

DANG CHUAN JORDAN CUA MA TRAN

§1. DANG CHUAN JORDAN CUA MA TRAN
Cho f: V — V 1a mét tu dong ciu bat ki. Véi mdi A € R, xét
Py =Ker(f — Aidy),
Ry={veV:I3meN:(f—Aidy)"(v) =0.}

Bé @é2.1. 1) R, la mét khong gian vécto con cua V.

i1) R, la mét khéng gian con 6n dinh vdi f.

iii) Ry # {0} néu va chi néu A 1a mét tri riéng cia f.
R, dudc goi la khong gian con riéng suy rong ang vdéi tri riéng A.

Ménh dé 2.2. Néu A la mét tri riéng cia f thi dimR, bang béi ciia A xem nhu nghiém
cua da thic dac trung.

Dinh 1y 2.3. Cho A va B la cdc ma tran vuéng thuc va A = P~'BP, ¢ do P 1a mét ma tran
phite. Khi do tén tai ma tran thue Q sao cho A = Q 'BQ.

Piéu dé c6 nghia 1a tap hdp tat ca cac ma tran c6 dang A = P~ !BP véi P 1a mét ma tran
phtic thi "khéong 16n hon” tap hop tit ca cac ma tran c¢6 dang A = Q 1BQ véi Q 1a mét ma
tran thuec.
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142 Chuong B. Dang chuén Jordan ctia ma tréan

Mot khéi Jordan cd r x r 12 mot ma tran cé dang

A1 0 ... ... 0
OA 1 ... ... 0
T EEE AR
) 00 0 ... 1 0
00 0 .. 1
00 0 ... 0 A

Pinh nghia 2.4. 1) Mot ma tran Jordan la mot ma tran khoi co cdac khéi Jordan trén
duong chéo.

i) Mot co s Jordan ciia toan tif tuyén tinh A : V — V 1a mot co s ciia khong gian V
sao cho ma tran cua no trong co sd do la mot ma tran Jordan.

Pinh ly 2.5 (Dang chuin Jordan ctia ma tran (tu ddng ciu)). Cho f: V — V cé ma
tran la A trong mot co sd nao do va da thiic dac trung cia A co di nghiém trong truong K

PA(X) = (~1)"(X = A" -+ (X = Ay)™,

trong do Ay, -+, Ay 1a d6i mét khac nhau. Khi do, V phén tich dudc thanh téng truc tiép
cua cac khong gian con riéng suy rong ung vioi nhitng tri riéng Ay, -+ , Ay :

V= RAl S5 RAZ D---D R)\m’ (S'CiéydlmRAk = Sk.

Noi cach khac, ma tran A dong dang voi mot ma tran khoi, voi cac khoi Jordan cap s co

dang
A 1 0 . .0
0 A 1 0
S
0 0 0 ... A 1
00 0 ... 0 A

Sé khoi Jordan cap s vdi cac phan tir A trén duong chéo bang
rank(f — Apidy)*™t — 2rank(f — Agidy)® + rank(f — Agidy)$T
Ma tréan Jordan ciia no dude xac dinh duy nhat, sai khac hoan vi cac khéi Jordan ciia no.

DPinh 1y 2.6 (Jordan). V&i moi todn tir tuyén tinh A : V — V trén C, ton tai mét cd s
Jordan, va ma tran Jordan cia no duoc xdc dinh duy nhét, sai khac hoan vi cac khéi
Jordan cua no.
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1. Dang chudn Jordan ciia ma tran 143

Dinh ly 2.7. Cho ma trdn A thoa man da thic dac trung cua no co dui nghiém trong
truong K
PA(X) = (—1)"(X = A+ (X — Ay

trong do Ay, - -+, Ay la doi mot khac nhau va dimR,, = si. Khi do, da thuc toi tiéu cia no
la

m

=TT — A

k=1

Chu y 2.8. Dang chuin Jordan ciia mét ma tran duoc sit dung mét cach rat thuan tién
trong viéc thuc hién phép tinh Iiy thita mét ma tran. Cu thé hon, néu A = PP thi
A" = P~1]"P. Dé tinh Idy thira ciia khéi Jordan J,(\) = Al + N, ta cd cong thiic khai trién
Newton:
Ak k-1 MAk—Z o k(ke=1) (k- ”+1)/\k n+1
7 (n—1)!

0 Ak IAK—1 L k(= 1() (k) ”+2)/\k n+2

n
]n — Z C;Z)\an_k —

k=0 : . . . :
0 0 Ak

Mt cdch tong quat, néu (x) 1a mét ham giai tich (chang han nhu f(x) = e*), thi

(A (A (n=1) ()

f(A) ff! : fz(! REE f((n)l()!)

o P

f(]) — 0 f )‘) 1! (n—=2)!

Chu y 2.9. Co sd Jordan Iuén Iuén ton tai trén cac truong dong dai s6. Trén R khong phai
Iiic nao ciing ton tai co s Jordan. Tuy nhién trén truong sé thuc ciing ton tai mot dang
Jordan, Ia thuc hoa dang chudn Jordan trén truong sé phic.

Pinh ly 2.10. Vdi mdi todn tit tuyén tinh A trén truong sé thuc, ludn ton tai mot co sé ma
ma tran ctia né trong cd sé di cho cé dang duong chéo khoi véi cac khoi [, (1), - -, Jm, (t)
tuong 1ing vdi tri riéng thuct; va cdc khoi [ (M), ..., T5 (As) tuong dng vdi tri riéng phic
A va i, 6 do J(A) 1a ma tran cd 2n x 2n thu duoc tir khoéi Jordan J,(A) bang cach thay

X X A 2 - . ? - 2 . A b
thé moi phan tua co dang a + ib cua no bdi ma tran ( ab

—b a

Chu y 2.11. Tir dang chuin Jordan, méi toan ti tuyén tinh A trén C déu co thé dudc
phan tich dudi dang A = A; + Ay, 0 do As la chéo hoa duoc, va A,, 1a luy linh, hon niia
AsA;, = A A,
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144 Chuong B. Dang chuén Jordan ctia ma tréan

Pinh 1y 2.12. Cic todn tit As va A, la xac dinh duy nhat, hon niia A; = S(A) va A, =
N(A), ddo S va N la cac da thic nao do.

DPinh 1y 2.13. Cho A 1a mét todn tif tuyén tinh kha nghich trén truong sé phitc C. Khi do
A c0 thé biéu dién dudi dang A = A;A, = A,As, & do As 1a todn tit chéo hoa duoc va A,
14 mét todn tit Iy don (todn tit Iiiy don la téng cia todan tit dong nhat va toan tit Iiy linh).
Biéu dién nay Ia duy nhat.

Chitng minh. Néu A kha nghich thi A, cling kha nghich. Khi d6 A = As+ A, = A;A,, &
dé A, = A7V (As+ A) =1+ A71A,. n
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PHU LUC C

CAC TiNH CHAT SAU HGN VE BINH THUC
CUA MA TRAN

§1. CAC PINH THUC PAC BIET

1.1 Pinh thic Vandermonde

Ma tran Vandermonde cap n la ma tran vudng cap n c¢6 dang

1 1 . 1 1
1 ay ... a4, {1 4a,
2 2 2 2
Vi(ay, az, ..., an) = aj as ... a,_ 4 aj

n—1 n—1 n—1 n—1

R T ay_1 4n
Pinh 1y 3.1. Chiing minh ring detV,(ay,az,...,a,) = I (aj —a;). T do suy ra hé
1<i<j<n

Vu(ay,az, ...,a,).X = 0 chi c6 nghiém tam thuong khi va chi khi ay,a,,...,a, déi mét phan
biét.

Mot tiing dung thu vi cia dinh thic Vandermonde la bai toan sau:
Bai tap 3.1. Cho A la mét ma tran vuéng cap n. Khi do
A" =0 tr(A") =0,k=0,1,2,...,n

Chiing minh. Néu A" = 0 thi A 12 mot ma tran liy linh, do d6 A chi ¢6 céc tri riéng
bang 0, nén A* ciing chi c6 céc tri riéng bang 0 v6i moi k. Suy ra diéu phai chiing minh.
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146 Chuong C. Cdc tinh chdt sGu hon vé dinh thiic ciia ma trgn

Gia st cac gia tri riéng ctia A 1a Ay, Ay, ..., A,. Khi d6 tu tr(AF) =0,k =0,1,2,...,nta
c6 hé phuong trinh:
MF+A+...+A,=0

M+ A2+ . +A2=0
‘1 2 n (3.1)

M+ AZ AR =0

hay
Va(A, Az - An) (A, Ay, A) T =0,

Ta sé chiing minh tat ca cac gia tri riéng cia A bang nhau. That vay:

Néu A; d6i mot phan biét thi dinh thic Vandermonde khac khéong, hé phuong trinh trén
chi ¢6 nghiém duy nhat Aq, Ay, ..., A, = 0. Mau thuan.

Ngudc lai, khong méat tinh tong quat, gia st Ay = A, va khong méot gia tri A; con lai nao
bang nhau. Khi dé hé phuong trinh dudc viét lai duéi dang

Vic1i(Aa, o An) (A9, ., AT =0

Lap luan tusng tutacé A, = ... = A, = 0, mau thuan.
Vay tat ca cac tri riéng ciia A bang nhau va do d6 bang 0. [

det V, (k1 ka, ..., k)

Bai tap 3.2. Chiing minh rang vdi cdc sé nguyénk, < k, < ... < k, bat ki thi det Vo (1,2, 1)

la mét so nguyén.

Bai tap 3.3. Cho W la ma tran c6 dudc tir ma tran V = V,(ay,ay, ...,a,) bang cach thay
n—1 _n—1

hang (a}~ ', a3, .., at"Y) béi hang (a},a}, ..., a"). Ching minh rdng
detW = (a3 +az + ... +a,) det V.

Bai tap 3.4. Chiing minh rang

1 1 . 1 1
a, a, e a,_q a,
det : : : : = (—1)”*1. det V,(ay,a, ..., a,)
n—2 n—2 : n—2 n—2
aj a, : - aln
i aras...ay a1a3..4y ... aA103...,_20y A102...0,_1 i
Chiuing minh. e Néuay,ay,...,a, # 0thinhan cot thit nhat véi aq, cot thi haivéiay, ...,

cot thi n véi a, roi chia cho aya; . . . a, ta dude
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1. Cdac dinh thuc dac biét

147

1 1 1 1
1, a, a, 4 a,
det . ) ) .
n—2 n—2 n—2 n—2
aq ) An-1 A
_azag...an ai1as...ay ai1az...a, 20y alaz...an_l_
M as an—-1 OQn
2 2 2 2
aj a; a,_, ay
1 . . . .
= .det | : : :
aiay...a
172 " an—l an—l an—l an—l
1 2 : n—1 n
1 1 ... 1 1
= (=1)""'.det V,,(ay, a2, ..., an)
e Trudng hop c6 it nhat mot trong cac sb aq,ay, . . .,a, bang 0 (xét riéng). [

Bai tap 3.5. Cho fi(x), fo(x),..., fa(x) la cac da thitc bac khong qua n — 2. Chiing minh

rang voi moi so ai,4ay, . ..,4, ta co

filar)  fi(az) fi(an)
fo(a1)  fo(az) falan) | 0
fu(a1)  fu(az) fu(an)
Chung minh. Gia st fi(x) = bjg + bjyx + ...+ b; ,_»x" 2 thi
fl(al) fl(az) fl(an) blO l’)11 bl,n—Z 0 1 1 1 1
fa(a1)  fa(a2) falan) | |bo b bop— 0 ap Ay Ap-1  n
fu(ar) fu(az) ... faan) bno b byn—o 0| |a}™' af™t ... a'] anl
Tt d6 ta c6 diéu phai chiing minh. n

Bai tap 3.6. Cho A = [ai]-} va fi(x) = ay; + agx + ... + a,ix" ' vdi i = 1,n. Chiing minh

rang

fi(x1) fi(x
fa(x1)  falx2

) f1(xn)
) fa(xn)
fn(xn)

flx) Fulx)

147
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148 Chuong C. Cdc tinh chdt sGu hon vé dinh thiic ciia ma trgn

Chiing minh. Tuong tu nhu bai 3.5 ta ¢o

fl(xl) f1 (XZ) fl(xn) a1 a2 ... A1p—1 A1n 1 1 e 1 1

fo(x1) fa(xa) ... fa(xn) A axn .. a1 a2 X1 X0 ... Xp—_1 Xp

fu(x1)  fu(x2) ... fu(xn) Al Ap2 oo App—1 Gnn x?‘l xg_l ... ij X
Suy ra diéu phai chitng minh. [

Bai tap 3.7. Chung minh I'é“ng vdiky, ky, ..., ky 14 cdc sé tu nhién khac nhau vaay,ay, ..., a,
Ia cac s6 duong khac nhau thi

1 1 1 1
a’1€1 alél agl aﬁl
kh ko k k
det | a> a* a3 ... a7 | #0
a]](-ﬂ agﬂ a]?()n a’;ln

1.2 Dinh thuc Cauchy

Ma tran Cauchy 1a ma tran vuéng cip n, A = (aij), 6 d6 a;; = xz+y, Bang phuong phap
quy nap, ta sé chiing minh

s (xi — x7) (yi — )

det A =
I (x; +yj)

Trudc hét 1ay mbi cot tit 1 dén n — 1 tri di cot cubi cung, ta dudc
ali = (xi+y) = (it yn) T = Y —y) (i ya) (i yp) V6] #

Dua nhan ti (x; + y,) "' 6 mdi hang, va y, —y; 6 mbi cot trit cot cudi cung ra khéi dinh
thuc ta sé thu dude dinh thic |bi]' Zj:l’ 6 do b;j = a;; v6i j # nva by, = 1.

Tiép theo, 14y méi hang tit 1 dén n — 1 tri di hang cudi cung. Pua nhan ti x, — x; 6
mbi hang trit hang cudi ciing, va nhan tit (x, + }/]-)_1 6 mbi cot trix cot cubi cung, ta sé thu

dudce cong thite truy hoi dinh thic Cauchy cip n qua cip n — 1.
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1.3 Dinh thuc Frobenius

Ma tran c6 dang

0
0
ap

1 0 0
1 0 0
0 0 ... 1 0
o 0 ... 0 1
ar ady ... Auyp—2 A4y

dudc goi la ma tran Frobenius, hay ma tran ban caa da thic

p(A) =

A — g, AT, A2 .

Khai trién dinh thic Frobenius theo hang thi nhét, cac ban ¢6 thé dé dang thu dudc cong

thice sau:

det(Al — A) = p(A)

1.4 Dinh thic caa ma tran ba duong chéo

Ma tran ba duong chéo 1a ma trén vuéng | = (a;j);_;, § d6 a;; = 0 v6i |i — j| > 1. Dat

ij=1°

a; = 4ajj, bi = 4aii+1,C¢ = Aj+1,i, Ma tran ba dubng chéo khi d6 co dang:

ay
1
0

b
a

2

0 ... 0 0 0
by 0 0 0

a . 0 0 0

0 a2 by 0

0 Cn—2 p-1 by

0 0 cu1 ay

Khai trién dinh thic ctia ma tran trén theo hang thi k, ta dude

A = @1 — b1 Do VoI k > 2, 6 do Ay = det(aij)i-‘,jzl.
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150 Chuong C. Cdc tinh chdt sGu hon vé dinh thiic ciia ma trgn

Céng thiic truy hdi trén da khang dinh ring dinh thic A, khong nhiing chi phu thudc vao
cac so b;, ¢j ma con phu thudc vao b;c;. Trong truong hgp dac biét, ki hiéu

ap 1 o ... 0 0 O

-1 a 1... 0 O 0

0 -1 a3 0 0 O
(ap...an) =

0o 0 O a2 1 0

0o 0 0 -1 a,1 1

0o 0 0 0 -1 ay

ta c6 cong thic truy hoi thong qua lién phan sb sau:

(111512...[1”) — o+ 1
(azasz...ay) a + 1

a3+".+ 1

an,1+W

1.5 Bai tap
Bai tap 3.8. Cho A la mét ma tran phan xiing cap n 1é. Chiing minh rang det A = 0.

Bai tap 3.9. Chiing minh rang dinh thiic ciia mét ma tran phan xiing cap n chan khong
thay doi néu ta cong thém vao méi phan i ciia né vdi mét sé cé dinh.

Bai tap 3.10. Tinh dinh thiic ciia mét ma tran phan xiing cap 2n chin théa méan tinh
chat cac phan tir é phia trén duong chéo chinh bang1.

Bai tap 3.11. Cho A = (a;)}!;_,, vdi a;; = ali=il. Tinh det A.
1 -1 0 O
A x h -1 0 . . -
Bai tap 3.12. Cho Az = | , . . . va A, duodc dinh nghia tuong tu chon > 3.
X X —
x> hx? hx h

Chitng minh ring A, = (x + h)".

a;b néui # j

Bai tap 3.13. ChoC = (Cl’j)n vOi Cij = . Tinh det C.

ij=1’ . .

X; néui=j
Bai tap 3.14. Choa;;j 1 = c; vdii = 1,---,n, cdc phan ti khdc cia ma tran A bang 0.
Chiing minh rang dinh thiic ciia ma tran 1 + A + A> + ...+ A" ! bang (1 —c)" 1, vdi
c=01...Cp.
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2. Dinh thiic con va phan phu dai sb

151

Bai tap 3.15.

Bai tap 3.16.

Bai tap 3.17.

Bai tap 3.18.

Bai tap 3.19.

Bai tap 3.20.

Bai tap 3.21.

Bai tap 3.22.

Bai tap 3.23.

Bai tap 3.24.

Bai tap 3.25.

Bai tap 3.26.

Tinh
n—2 n—1
1 x ... xf (xg+x34+...4+x,)
1T xp oo X772 (xp4+xp+..+x,_)" !
Tinh
1 x; ... xT*Z X2X3 ... Xn
n—2
1 x, ... xj X1X2 ... X1

Tinh |ay|l , véiay = A5 (1+ A2)K,
Cho a;; = C]m Chiing minh rang |aij|} = n’0*)/2 véir < n.

1 . . .
A vdikj+j—i>0
Choky,..., ky € Z, tinh |aij|}{,  do a;; = (ki+j—i)! iT]
0 VoI ki +] —1<0
Chosi = p1xX§ + ...+ puxl, vaa;; = s; ;. Ching minh rang
|ai]"6171 =P1--- PnHi>j(xz' - xj)z-

Chos:x’{+...+x’,§. Tinh

S0 S1 ee. Sy 1

S1 Sy . Sp Y
n

Sn Sn+1 “ e 521’1— y

Cho a;; = (x; +y;)". Ching minh rdng

|aijlo = CYC3 - .. Cullink (xi — xi) (i — vi)-
Cho b;; = (—1)""/a;;. Chiing minh rang |aij|} = |bij|}.
Cho 8y(k) = |ajl§ , & d6a;; = C5'. Chiing minh rdng

Cho Dy, = |aijlg, 6 d6 a;; = Cy;_,. Chitng minh réng D, = 2""+1)/2,
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152 Chuong C. Cdc tinh chdt sGu hon vé dinh thiic ciia ma trgn

§2. PINH THUC CON VA PHAN PHU DAI SO

2.1 Cac dinh nghia va tinh chét

Pinh nghia 3.2. Ma trdn ma cdc phan tit ciia nd la giao ciia p hang va p ¢t cua ma tran
vuéng A dugc goi 1a ma tran con cap p cua A. Dinh thic tuong ung dugc goi la dinh thuc

; ; ailkl ailkz ce ai1kp
Al P =

aipkl aipkz aipkp

con cap p. Ki hiéu

Néuiy =ky,..., ip = ky thi dinh thuc con dudc goi la dinh thiic con chinh cap p.

DPinh nghia 3.3. Dinh thiic con khac 0 co bac cao nhat duoc goi 1a dinh thiic con co s6 va
cap ciia no dudc goi 1a hang ciia ma tran A.

. < i g . . . N .

Pinh ly 3.4. Néeu A ( ! kp > la moét dinh thiic con co sd cua A, thi cac hang cia ma
1 “ e p

tran A la té hop tuyén tinh cda cdc hangiy, ..., ip cua no, va cac hangi, . ..,i, nay doc Iap

tuyén tinh.

Hé qua 3.5. Hang cia mgt ma tran bang sé cdc hang (cdt) doc 1ap tuyén tinh Ién nhat
cua no.
Dinh ly 3.6 (Cong thuc Binet - Cauchy). Gid sit A va B la cac ma trdn c¢é n x m va

m X n tuong ung van < m. Khi do

det AB = Z Aklmkanl"'k”,

1<ki<ky<...<ky,<m

0 do Ay, ..k, 1a dinh thiic con thu dugc tu cac cotky, ..., k, cua A va Bfi-kn 4 dinh thite con
thu dugc tir cac hangk,, ..., k, cia B.

Ki higu A;; = (—1)* M;j, 8 d6 M;; 1a dinh thic cia ma tran thu duge tit ma tréan A bang
cach bé di hang thu i va ¢t thia j, né dudce goi 1a phan bu dai sb cia phan ti a;j. Khi d6 ma
tran adj A = (Aij)T dudc goi la ma tran lién hgp ctia ma trén A. Ta ¢6 cong thic sau:

A.adj(A) =detA.I
Pinh 1y 8.7. Todn titadj cd cdc tinh chat sau:
1. adjAB = adjB.adj A
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2. Dinh thiic con va phan phu dai sb 153

2. adjXAX ! = X(adjA)X !
3. Néu AB = BA thi (adj A)B = B(adj A).
Pinh ly 3.8.

A11 Alp AP+1,P+1 Ap+1,n
— |A|p—1' .

pl . e App An/p+l [P Ann

Hé qua 3.9. Néu A Ia ma tran suy bién thirank(adjA) < 1.

Dinh 1y 3.10 (Jacobi). Gidsil < p < nvac = (l,l ;{) 14 mot phép hodn vi bt
]1 PO n
ki. Khi dé
Anjy Ailjp Aip+1rjp+1 Aierl/jH
Z = (=D)AL :
Aipjl Aipjp Ain/jp+1 Ainjn

Dinh 1y 3.11 (Chebotarev). Cho p la mét sé6 nguyén t6 va e = exp(27mi/p). Khi do tat ca
cac dinh thiic con cua dinh thiic Vandermonde (aij)f 1.;10 la khac khong, 6 do aj; = el

Pinh ly 3.12 (Cong thitc khai trién Laplace). Cé dinh p hang iy, iy, ..., i, cia A vii
W <ip<...<ip Khido

det A — Z (_1)l+]A <ll lP) A (ip—l—l 171) )

1< oS fiprfipt <o i1 <own i Ju.--- Jp Jp+1 -+ In

Gdéi=iy+...4+ipj=j1+.. +jp

Dai lugng (—1)""/ A (f”“ l,”) dude goi 1a phan b dai sé ctia dinh thiic con A (l}

2.2 Bai tap

Bai tap 3.27. Cho A la mét ma tran vuong cap n. Chiing minh rang

n
A+ AL =A"+ Y Samk,
k=1

J do Sy 1a tong cia tat c C} cac dinh thiic con chinh capk ciia A.
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154 Chuong C. Cdc tinh chdt sGu hon vé dinh thiic ciia ma trgn

Bai tap 3.28. Chiing minh rang

ain ... dip X1
vdots
= —)_xiyjAjj,
anl [N ann xn 1,]
Vi oo Yn 0

ddo Ajj la phan bu dai sé cia phan tit ajj.

Bai tap 3.29. Chiing minh ring tong ciia cdc dinh thiic con chinh cap k ciia ATA bang
tong binh phuong cac dinh thic con chinh cap k cia A.

Bai tap 3.30. Cho A, B la cdc ma tran vudng cap n. Tinh

-1

O O ~
~ T 0O

A
I
0
Bai tap 3.81. Tim mét vi du mét ma tran vudng cap n ma cac phan bu dai sé ciia no déu
bang 0, ngoai trir phan ti ndm ¢ hangi va cot j.
Bai tap 3.32. Cho x vay la cdc cot ¢d do dai n. Chiing minh rang

adj(I —xy)T = xy" + (1 —yTx)L

Bai tap 3.33. Cho A la mét ma tran phan xiing. Chiing minh rédngadj(A) 1a mét ma tran
phén xitng néu n 16 va doi xiing néu n chdn.

Bai tap 3.834. Cho A la mét ma tran phan xiing cap n vdi cdc phan tit trén duong chéo
chinh béng 1. Tinh adj A.

Bai tap 3.85. Tim tat cd cdc ma tran A co cac phan tit khéng 4m sao cho tat c4 cac phan
tif cia ma tran A~! ciing khéng 4m.

Bai tap 3.36. Choe = exp(2mi/n) va A = (a;;)} vdia;; = €. Tinh A~

Bai tap 3.37. Tim ma tran nghich ddo cia ma tran Vandermonde V.
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